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The procéedings for the 1985 CMESG/GCEDM meeting have been 
delayed for a long time. It was necessary to wait until a major 


contribution was received, otherwise the proceedings would have 


been mest inadequate. 


The proceedings, following the format of previous years, include 
the Major lectures presented by Heinrich Bauersfeld and Henry 
Pollak followed by working group and topic group contributions 
in reduced format. This meeting represented our first effort to 
plan a joint speaker with the CMS - a group wit’ whom we have 
Many interests in common. 


This represents our second meeting at Laval. The University in 
particular as well as Quebec City in general provide pleasant 
surroundings tor such a gathering. We are especially 
appreciative to Claude Gaulin and Bernard Hodgson for making the 
local arrangements. ; 


Charles Verhille 
Editor 
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Canadian Mathematics Education Study Group, 
Groupe canadien d'étude en ee des mathématiques 


1985 1985 Meeting 


The ninth annual meeting of the Study Group was held at Laval University, 

June 7 to li, 1985. Fifty mathematics educators and mathematicans met 

in plenary sessions and working groups. ‘This year the conference was 

deliberately arranged to follow immediately on the CMS Sumer Meeting 

and the first of the two guest lectures, by Henry Pollak (Bell Cammmications 

Research, was planned in collaboration with the CMS Education Committee. 

Dr. Pollak spoke "On the relations between the application of mathematics 

and the teaching of mathematics". He identified four different meanings 

commonly attached to the words "applied mathematics", and considered 

the implications of each for curriculum and for pedagogy. Also co-sponsored 

BY cus Education Committee was a session, led by Peter Taylor (Queen's), 
"Exploratory problen solving in the mathematics classroan". 


The second guest speaker was Heinrich Raversfeld (IDM, Bielefeld) who made 
"Cantributions to a fundamental theory of mathematics learning and teach- 
ing". Setting out to answer the question: How do we manage to retrieve 
what we require and adapt it to a new situation?, Professor Bauersfeld 
wove an intriguing account of constructivist theories. 


Other lectures were given by Fernand Lemay (Laval), who presented a master- 
ly sweep through the historical developments of analytic and synthetic 
geometry, and by Jacques Désautels (Laval), who applied the epistemological 
theories of Gaston Bachelard to the learming of science. Three accomts 
of specific researches on teaching, gender and mathematics were given by- 
Roberta Mura (Laval), Gila Hanna (OISE) and Erika Kuendiger (Windsor). 


The working groups at this conference Seeused on a positive view of students' 
errors, a group led by Stanley Erlwanger (Concordia) and Dieter Lunkenbein 
(Sherbrooke); on more advanced activities with LOGO, a group led by Joel. 
Hillel (Concordia). A third group investigated the possibilities of symbolic 
manipulation software, led by Berard Hodgson (Iaval) and Eric Muller 
(Brock); the fourth tackied feelings and mathematics, led by Fran Rosa- 

mond (San Diego) and John Poland (Carleton). 


Thisbald summary may indicate the scope of the conference but may not make 
clear the special characteristics of its style. Most conferences of 
camparable length offer participants many more lectures and paper pre- 
sentations. The result, as everyone knows, is that participants at con- 
ventional conferences are selective in their attendance at sessions; no 
one can sit through continuous periods of. being talked at. Participants 
at Study Group meetings, where ample time is allowed for cooperative work 
and discussion, tend to follow the whole programme. This generates more 
of a sense of common interest, a bridging of differences rather than an 
accentuation of them. 


David Wheeler 
Concordia University 
Montreal 
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IN MEMORIAM DIETER LUNKENBEIN 


The mathematics education community has been deeply shocked 


_to hear bout the sudden death of our colleague Dieter Lunkenbein, 


on September 11, 1985, at 48 years of age. 


Born and educated in Germany, he had come to Canada in 1968 
to work as a research assistant for Dr. Zoltan P. Dienes at 
the Centre de Recherche en Psycho-mathematique in Sherbrooke. 
He subsequently got a Ph.D. in mathematics education at 
Laval University and he bacame a regular. faculty member of 
Université de Sherbrooke, where he has displayed strong 
leadership in teacher education as well as in research and 
development in mathematics education. 


In 1982 he was awarded the "Abel Gauthier Prize" by the 
Association Mathématique du Québec in recognition for his 
significant and exceptional contribution to mathematics 
education in Québec. At the Canadian level, he has been 
very active in the annual meetings of the Canadian 


Mathematics Education Study Group, particularly in working 


groups about teacher education and about the field of 
mathematics education, and as a leader of many groups on 


geometry education -- an area for which he was a recognized 
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expert. 


Dieter is the author of more than 70 scientific lectures or’ 
papers, including articles in Educational Studies in Mathematics, 
For the Learning of Mathematics, Bulletin de 1'A.M.Q., etc. 
At thé international level, he has been involved in many 
conferences and for about ten years he has been very active 
as_a coopted member of the Commission Internationale pour 


L'Etude et l'Amélioration de 1l'Enseignement des Mathématiques 
(CIEAEM) , of which he was the President from 1982 to 1984. 


For the mathematics education community, the death of Dieter 
Lunkenbein constitutes a‘ great loss. Everyone will long 
remember his work and dedication to our field as well as his 
impressive human qualities. 


CONTRIBUTIONS 10 A 
FUNDAMENTAL THEORY OF 
MATHEMATICS LEARNING 


AHO TEACHING 
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Genecibacions to a fundamental theory of ‘mathematics learning 


and teaching 

HEINRICH BAUERSFELD 

IDM (Institute for Mathematics Education) , Universitat 

Bielefeld, FRG 
“Perhaps the greatest of all 
pedagogical fallaciés is the notion 
that a person learns only the 
particular thing he is studying at the 
time. Collateral learning in the way 
of formation of enduring attitudes, of 
likes and dislikes, may be and often 
is much more important than the- 
spelling lesson or lesson in geography | 
that is learned. For these attitudes 
are what fundamentally count in the 
future." JOHN DEWEY (1938) 


l. A theory gap in school practice 


A few years ago the report of an outstanding piece of research 
appeared: it is D.HOPF’s investigation on the teaching. of 
mathematics in grade 7 of the Gymnasium!) (p.gopr 1980). The 
study analyses data from 14 000 students, their teachers and 
parents, at 417 Gymnasien in the area of West Germany including 
West Berlin, and it is a representative sample.. Detailed 
questionnaires were used in order to find out about: the 
“social, cognitive, and motivational conditions under which 
learning outcomes and credits" are produced in mathematics 
lessons. In our view the most interesting results are: 


* There is an overwhelming dominance of direct instruction, in 
particular the well-known game of teacher’s questioning and 
student “s response as well as teacher’s monologues 
(lecturing) and similar types of instruction; and 

7 it is not possible to identify “any more general structure" 
in the extremely rich data base "which would indicate the 
existence of overall concepts for the orientation of method 


‘<) 
ERIC 


3 


and teaching". Clearly, this came out quite contrary to the 
y 


‘ researcher’s expectation, that "at least some of the concepts 


which were under discussion in mathematics education for methods 


‘and teaching would appear more often than in single specific 


phases of the lessons only." (D.HOPF 1980, p. 192) 

The laek of explicit theory in everyday school practice could 
prove to be a surface phenomenon: Perhaps teachers do not talk 
about theoretical backgrounds, but they may follow recipes for 
action rather consistently, which are based upon certain 
theoretical concepts. One might expect, therefore, that careful 
analyses could lead to reconstructions of a hidden though 
theory-based grammar of teacher’s decisions. 


Reviewing various well-known concepts of mathematics education, 
the researcher thought about such analyses, but "found no reason 
for establishing a search for interpretations which could be 
traced back to more general concepts." (D.HOPF 1980, p.191). 
That is to say, the researchers found continuities and 
regularities in the pracesses of the mathematics classroom - 
e.g. the preference for direct instruction - but they could not 


- find any relation with the concepts that appear in the 


theoretical debates of the mathematics education community. . 


Now we can ask more generally: If not through theoretical 
reflection, how then do the often documented and criticized 
patterns of teaching and learning in mathematics classrooms come 
into being (see the "recitation game", HOETKER and AHLBRAND 
1969)? On the one hand the available theories obviously do, not 
cover the practitioner’s needs; the theories do not have 
sufficient explanatory power. The hidden regularities of 
everyday classroom practice on the other hand function as if 
they arose from the subjective thecries of the participants 
(teachers and students). So probably these hidden regularities 
are the outcomes of covert processes of optimization, that is, 
they may represent a bearable balance between the given actual, 
societal, institutional, and micro-sociological forces in the 
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classroom (where bearable means: bearable for the 
participants). Provided this is an adequate description, then 
the hidden gensis of the regularities would explain the 

product ’s tenacity and resistance against every reform. 
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The following remarks are grouped into three chapters. The main 
part, chapter 3, presents theoretical considerations from the 
many micro~analyses of teaching-learning Situations in 
mathematics conducted by a research group at the IDM Bielefeld 
(BAUERSFELD, KRUMMHEUER, VOIGT). The thesis of the 
domain-specific orientation of a peron’s action leads to new 
views on (and descriptions of) abst raction/generalization, 
representation/embodiment of concepts, and learning. 


The preceding chapter 2 can just as well be read after chapter 
3, since the remarks on deficiencies and paradigms in theories 
of mathematics education may then be more understandable. It is 
Meant as an introduction as presented here. The concluding 
chapter 4 relates the theoretical discussion to certain recent 
issues in problem solving. The application gives support to the 
thesis of the preceding chapter. 


2. The paradigms of theories of mathematics education 
aie paradigms of theories of mathematics education 


The usual set of didactical questions: What is the nature of the 
subject? How is it learned? and How should we teach it? 
reproduces in itself disciplinary boundaries. Theories of 
mathematics education tend therefore to stress the relation 
either to the acting persons or to the subject matter of 
mathematics. Thus we receive psychological or 
mathematical-philosophical answers, such as student-centered 
"theories of learning" and teacher-centered "theories of 
instruction" or as subject-matter-centered theories of 
knowledge, of curriculum, of task analysis, of 
AI-simulations2) etc. Until very recently, linguistics, 
sociology, etc., were not disciplines to which the math ed 
community referred. 
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Both theoretical mainstreams use the stages metaphor when 
characterizing developmental aspects. Psychological approaches 
arrive at stages based on classes - or more precisely at 
progressive class~inclusions - of abilities (e.g. KRUTETSKII 
1976), or of operations (e.g. PIAGET 1971), at levels of 
learning (e.g. VAN HIELE 1959) etc. Since mathematical 
abilities as well as the success of learning mathematics are 
described or measured through the quality of solving certain 
mathematical tasks, it becomes inevitable that the hierarchies 
of psychological constructs map subject-matter structures. They 
duplicate mathematical hierarchies, but do not create genuine 
psychological descriptions of the related actions. The 

sub ject-matter-centered theories on the other hand use 
mathematical structures directly for the modeling of stages. We 
can state therefore, that in both theoretical mainstreams the 
description of the field is dominated by mathematical means.3 


But math educators will have to extend their fundamental 
theoretical questions, if at least a reasonable subset of | 
classroom processes follows hidden regulations. The more since 
the regulations develop interactively rather than directly 
through the participant ’s intentions, and with effects often 
inconsistent if not conflicting with the official aims. Then we 
will have to take into account not only that teachers and 
students enter and leave the classroom with certain individual 
dispositions, intentions, and expectations - which we do in 
order to draw inferences fran the difference between the two 
cross-sections, but we will also have to ask what they make of 
it in a concrete situation, how they actually employ available 
states of knowledge, and when they activate and how they use 
schemata (and not only which ones, as is usually done). Cross- 
section analyses of input and output states with inferences 
about the process in between are no longer sufficient for an 
adequate underste ding. If, as becomes evident, knowledge 
develops together with and as part of the knowledge, then this 
calls in question the process=-product metaphor. 


T2 


Furthermore the ongoing vivid interation in the classroom 
indeed leads to very personal (subjective) interpretations and 
constructions. of meaning. But socially shared meanings and norms 
of content-processing are produced as well. And these are not 
just taken over like ready-made rules, rather they are 
constituted through the interaction, they become reality via the 
mutual processes of construction and negotiation. That is to 
say, we have to discriminate individual structures of 
potentially available knowledge from the interactional 
structuring of the actual action=. And on a social level we 
have to discriminate (so-called) objective subject-matter 
structures from the related meanings, norms, and claims for 
validity, as they are constituted in the course of the 
interaction in the classroom. This of course makes cause-effect 
analyses haphazard, because attributing cause to a single 
person’s action may become difficult. 


There is a remarkable convergence in recent developments in 
mathematics and in cognitive science as well as psychology that 
supports. the scepticism advocated here. In the view of 
cognitive psychologists the When and the-How, as mentioned 
above, are mainly organized on metacognitive levels. The 
classical problem solving strategy from AI-developments - 
building up a hierarchy of operations or organizing control on a 
superordinate level - recurss here and has been the subject of 
intensive discussion in cognitive psychology recently (see 

ANN L. BROWN, J.C. CAMPIONE, and M.T.H.CHI in WEINERT 1984) 
under the name "“metacognition". Investigations begin to focus 
on "dynamic learning situations" and on “interactive processes" 
(J.V. WERTSCH 1978, 1984; and A.L. BROWN in WEINERT 1984, 
p.l01/102. One of the "many largely unsolved ‘problems" in 
developing advanced intelligent computer systems for educational 
purposes that TIM O’SHEA has named is that "not enough thought 
has been given to represent inexpert reasoning". He has also 
pointed at the crucial role of “using natural language" (1984, 
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p-266). Interestingly the attack comes from non-human 
information processing research, human understanding, learning, 
and reasoning in general and of mathematics in particular. 4) 


Even mathematics itself has been challenged from within the 
community, as by LAKATOS” concept of "informal, quasi-empirical 
mathematics", an image of the discipline which he holds out 
against the counterpart of "authoritative, infallible, 
irrefutable mathematics"5) (1976, p.5). FREUDENTHAL has long 
since argued against the same enemy: "True mathematics is a 
meaningful activity in an open domain." (1983, p.39). 


"Why, come to think of it, do we have 
so few good ideas and theories about 
the mind? I propose the following 
answer to this question: 
1. It may be the most difficult 
question Science ever asked. 
2. It is made even harder because 
our first theories have led us 
in the wrong direction." 
MARVIN MINSKY (1982, p.35) 
3. "Domains of Subjective Experience" and "Society of Mind" 
In.our research process the adoption of sociological methods and 
concepts has turned into a process of adapting the means to the 
end. Since we are interested in learning and teaching 
mathematics rather than in general social structures, as 
identified by sociologists across subject-matter, our analyses 
are focussed on the relations between the subject-matter 
aspects, as thematized by the participants, and the 
predominantly social nature of classroom processes and their 
conditions. This, we think, describes an important weakness in 
the dominating psychological and subject-matter-oriented 
theories. 


Our micro-~analyses of video-taped teaching-learning situations 
at different schools and with different ages have led to three 
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related theoretical elements. GOTZ KRUMMHEUER has adapted 
GOFFMAN °S "frame analysis" in order to descri.be the 

participants “(teacher and students) definitions of situations - 
"frames" - and their stratified changes - "keyings" - in the 
flow of interactions. Complementary ‘:o these actual activities, 
my concept of "domains of subjective experience (DSE)" aims at 
the description of the sources and the organi zation of memory 
and of the related long-term effects called learning. These 
respresentations function as relatively stable dispositions and 
as the.potential from which the individual’s actual orientation 
and action is coined and formed. JORG VOIGT has investigated 
the hidden regulations of classroom procedure as they are 
constituted among the participants. He describes "patterns of 
social interaction" and their relation to "moves under duress" 
and to (DSE~-rooted) individual "routines". (See KRUMMHEUER 1983 
and 1984, BAUERSFELD 1980, 1983 and 1985, and VOIGT 1984 ana 
1985.) 


In the following I shall restrict myself to discussing the ma:.~ 
aspects of the DSE-metaphor. It should be noticed that we ofiu. 
alternative interpretations but do not claim to describe "the" 
reality. The theoretical elements offer a well-founded 
perspective on classroom processes among other theoretical 
perspectives, with which it competes. The theses and their 
substained connections are the products of "abductions" (C.S. 
PEIRCE 1965, J.VOIGT 1984a). Thus a specific understanding of 
the genesis of theories as well as of theory itself is 
functional in our approach. 


l. Thesis All subjective experience is domain-specific. 
Therefore all experiences of a person (subject) 
are organized in Domains of Subjective 
Experiences (DSE) .6) 

Whenever I have experiences, that is: I learn, actively and/or 

passively, this occurs in a concrete situation, something which 

I realize as context. Thus learning is situation specific, is 
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learning-in-context. Learning is not limited to cognitive 
dimensions. Since I cannot switch off one or the other of my 
senses deliberately, all of my senses are involved, particularly 
the genetically older organs like the mid-brain (emotions) .and 
the cerebellum (motor functioning). The stronger the 
accompanying emotions, the more distinct and richer are certain 
details and circumstances in the recollection. we therefore 
speak of the totality of experiences and learning. 


Learning is also multidimensional: I learn how to do things, 
and along with that, though mostly indirectly, I learn about the 
when and the why. At all times I learn about myself and about 
others. 


The specificity to situation, the totality, and the 


multidimensionality, give good reasons for the conjecture that 


all experiences of a person are stored in memory in disparate 
domains according to the related situations. Each DSE encloses 
all of the aspects and ascribed meanings which appeared to be 
relevant for the person who was acting within the situation. 
Encountering the same situation repeatedly contributes to the 
consolidation of the related DSE, but as well to its isolation 
from other DSK’s. When entering a specific known situation a 
person immediavely. “knows * very much, due to the activated DSE. 


An example: More than 25 years ago during teaching practice 
with student teachers in the country, I visited a little 
Nongraded school of some twenty pupils ranging in age from 7 
to 14. The teacher opened the first lesson with a series of 
Spectacular actions. He called on the attention of the few 
ll and 12 year olds and made the others work Silently. Then 
he ostentatiously dropped a plate which burst into pieces. 

A defective teapot followed, and finally he broke a few wood 
sticks into pieces. -His hand waved over the scene 
accompanied by the key question: "What is this?!" Anda 
nice little girl answered: "It is the introduction to 
fractions!" 
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Apparently she had experienced this happening repeatedly in 
her earlier school years and she knew it would end up with 
naming and calculating with fractions. From that she gave a 
clear definition of the situation. 
Under a phylogenetic perspective the immediate availability of 
an adequate DSE guarantees survival. The complex nature of the 
DSE‘s enables the activation of a specific one just through a 
smell, a touch, a word, a picture, an action etc., and in such a 
way provides for the instantaneous identification of a dangerous 
situation for quick and appropriate (re-)actions, and for a 
certain coping with possible consequences. Obviously many of 
the students reactions in mathematics lessons are examples of 
such direct and prompt concatenation, ensuring survival in the 
classroom and saving unpleasant effort and reasoning. 


The ideals of mathematizing, on the other hand, are clearly 
related to critical distance, to analytic decomposition and 
reflected construction, and to operations with symbols and 
models. These arts do not develop along the 
elicitation-reaction line. .In order to overcome the troublesome 
phylogenetic conditions (which we cannot change nor deny), 
instructional situations should therefore give more attention to 
indirect learning on higher levels rather than to behavioral 
responses/evoking through invitations on the bottom level of 
direct action and reaction only. 


2. Thesis The domains of subjective experiences (DSE) are 
stored in memory in a non~hierarchically ordered 
accumulation, following M.MINSKY’s idea of a 
"society of mind" (1982). In a given situation the 
DSE’s function in competition for activation, 
independently from each other, and this the more 
intensively they have been built up initially. 


The model represents a powerful description for a functioning 
organisation of the isolated DSE’s. According to the flow of 
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personal impressions and activities the "society of mind" is 
under continuous change and development. Permanent end lifelong 
new DSE’s are formed’), older DSE’s are changing. The gradual 
fading away of DSE’s, not activated for a long time, diminishes 
the growing burden, the more, the lower, the emotional status 
and the frequency of activation of the DSE are. 


Every activation produces change: Often activated DSE’s pass 
through many transformations: the meaning, the relations, and 
the importance of their elements may shift, the characteristics 
of the situations become less specific (they allow more 
variance, i.e. they generalize), and a hard core of routines, of 
easy meanings, and of preferred verbal or pictorial 
presentations is shaped. In an actual situation these 
well-developed DSE’s obtrude themselves through their smooth. 
perspectives and therefore have the best chance to win the 
competition for reactivation. Thus success has stablizing and 
tracking effects, though not necessarily for optimal solutions, 
as an observer may note rather than relative personal optima. 
But since every situation is new in a certain sense, there is an 
Opportunity for younger and less elaborated DSE’s ("soft state") 
as well as for easy and robust older DSE’s. There is no 
preference in principle in the activation game as the phenomenon 
of regression demonstrates: The relapse into certain pattern of 
understanding and action under stress, which are older and less 
adequate or less differentiated, but are functioning more 
quickly and more reliably, receives a simple explanation from 
within the "society of mind" model. 


The model, by the way, leaves no room for an independent or 
Superordinate authority in the "society", a "demon" or something 
similar, who selects and decidedly activates DSE’s. Clearly we 
can exercise a limited influence on our internal retrieval 
processes, but we are not in command of our memory as the Many 
failures of mnemonics show. An idea suggests itself - or not. 


Through microethnographical analyses a surprisingiy high degree 
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of separation between single DSE’s has been demonstrated (LAWLER 
1979, Bauersfeld 1982). Outcomes from quantitative-experimental 
research work gives support also. ‘Recently E.FISCHBEIN et. al. 
(1985) have investigated the solving of verbal problems in 
multiplication and division with 623 Italian pupils in grades 5, 
7, and 9. They focussed their attention on the role of 
“implicit, unconscious; and primitive intuitive models." Such 
models, so goes their hypothesis, might mediate "the 
identification of the operation needed to solve a problem" and 
thus "impose their own constraints on the search process." 
(FISCHBEIN et.al. 1985, p.4). The authors arrive at the 
unexpected profoundness of the expected effects, which they 
describe as "a fundamental dilemma" for the teacher: 


"The initial didactical models seem to become so deeply 
rooted in the learner’s mind that they continue to exert an 
unconscious control over mental behavior even after the 
learner has acquired formal mathematical notions that are 
solid and correct."(p.16). 


The authors identify two sources for the genesis of such 
personal (Subjective) models. One is the direct relation to the 
concept and the operation as it was initially taught in school. 
As the other, they found a natural tendancy to produce 
subjective regularities and use them intuitively through 
continuous activities "beyond any formal rules one has learned" 
(p.15) and though they might be "formally meaningless and 
algorithmically incorrect" (p.14). This represents an example 
of the genesis of a DSE, pointing at the specifity of 

situation as well as at the totality and multidimensional. -y of 
subjective experience as stated above. 


The rigid disparity of two DSE’s which from a teacher’s 
perspective should be extensively interrelated (as e.g. 
experiences with a special case and the general rule) 
characterizes not only the phase of initial development in the 
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subject. Against the expectations of a natural growing together 
of separately-gained pieces of knowledge through repeated 
practice, the persistent subordination of knowledge to specific 
DSE“s remains effective and dominates the subjects actions. 
The supposition that cognitive networks develop 
quasi-automatically through an adaptation to the- logics of 
subject matters appears as an illusion. The "society of mind" 
model with its independently competing DSE’s allows a simple 
explanation for the persistence of disparate DSE’s for the 
"same" situation. This can happen even in cases where a DSE’s 
concepts and procedures are stored but not used though they are 
superior or more general in an observer’s view, because they do 
not cover the "same" problem under the subject’s perspectives. 
Even so-called general concepts stored in memory are inevitably 
related to the subject’s perception of the situation in which 
the concepts were built. And therefore ascertaining the 
"Sameness" of two cases affords a comparing of elements from at 
least two different DSE’s (see thesis 4). Each activation from 
memory on the other side reinforces the activated DSE, but not 
an abstract relation to other DSE’s. 


3. Thesis The activities of the subject and the related 
subjective constructions of meaning and sense, as 
these develop through social interaction, are the 
descisive fundamentals for the formation of DSE. 

In’ mathematics education, in particular, the subjectively 

relevant activities are bound to the offered mediatization of 

the matter taught, to what is really done. Teacher and students 
act in relation to some matter meant, usually a mathematical 
structure as embodied or modelled by concrete action with 
physical means and signs. But neither the model, nor the 
teaching aids, nor the action, nor the signs are the matter 
meant by the teacher. What he/she tries to teach cannot be 
mapped, is not just visible, or readable, or otherwise easily 
decodable. There is access only via the subject’s active 
internal construction mingled with these activities. This is 
the beginning of a delicate process of negotiation about 
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acceptance and rejection. That is why the production of meaning 
is intimately and interactively related to the subjective 
interpretation of both the subject’s own actions as well as the 
teacher “s and the peer’s perceived actions in specific 
situations. -Via these processes the (social) norms of 
mathematical action are also constituted in the classroom, 
covertly, regarding acceptability, validity, completeness, 
relevance, and so on. 


The doctoral thesis of G.FELLER 1984) gives an idea of how 
important the activities with embodiments and physical means 
(teaching aids) are for the formation of mathematical 
experiences. She tested mathematical achievement at the end of 
grade 2 in Berlin in order to find out the extent to which the 
aims of the mathematics curriculum had been attained. As a by- 
product the author was "startled by the strong impact of the 
manner of representation". Her final assessment: 
"The outcomes indicate that the acquisition of each 
different type of representation requires the learner’s 
explicit endeavour and. connected rehearsal, an effort which 
is not less than is usually required for the learning of 
mathematical matter itself (like addition or subtraction)." 
(G.FELLER 1984, p.67). | 
In our terminology this would mean that, for many children, 
experiences with a new representation of subject matter , though 
perhaps well-known from other situations, lead to a new DSE, 
stored separately in memory and with weak if any relations to 
the older experiences. 


A new DSE can also develop through the explicit connecting of 
elements from different older and available DSE’s. The "Aha" 
insight, flashing up suddenly while acting within the horizon of 
an activated DSE and producing the idea of essentially "doing 


the same" as in another context (DSE), is the announcement of a - 


birth, for the person as well as an observer. But the "Aha" 
alone does not produce by magic a fully developed network of 
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relations here and now. It takes time and continual activities 
to elaborate the new DSE. An "Aha" insight, not elaborated 
after the first appearance, can fade away in the continuous flow 
and only light up again much later accompanied by the feeling 
that something like that was known already. 


DSE“s disappear only (and slowly too) if they do not receive 


reactivation. Growing interrelations and even integration are 


not necessarily weakening effects. "The mind never subtracts" 
(M.MINSKY, 1981). As is the case with regression very sld DSE’s 
can prevail in the competition for activation under stress 
against younger DSE’s where so-called "higher", 
"super-ordinate", "more sophisticated" knowledge is stored. 


In the mathematics classroom students are often asked to 
identify common characteristics between two events or cases, 
which in the view of the teacher appear to be two models for the 
very same mathematical structure. -This is the task of producing 
a generalizing abstraction from different embodiments upon 
request. In our view the student then has to compare elements 
which are rooted in two different DSE’s; in other words: which 
are incorporated in two different contexts. What can form the 
basis of the required comparing activities? 

Usually the perspectives of the separate DSE’s themselves do not 
cover such operations, due to the specificity of actions, 
language and meaning. So where do the aims come from? Which 
kind of similarity or commonness do I have to search for? The 
adequate basis has to be a third DSE, the elements of which.are 
the means for comparison and the possible aims. Comparing 
common characteristics by abstracting and neglecting other ones 
is a complex and highly constructive activity. Without an 
orientation, at least a diffuse image of the potential results 
and of the relevant characteristics, as well as an idea of the 
adequate means, there is no reasonable chance for the student’s 
success. . 
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An example may demonstrate the difficulties. What do the 
following three situations have in common? 


a) You plunge your hand into a paper bag three times and take 
out two eggs each time. 

b) You see three blocks of houses with two houses in.each 
block. - . 

c) Three boys and two girls dance. How many different pairs 
are possible? (old-fashioned style: one girl one boy per 
pair!) 


The question can also be put this way: For which more 
general issue can these three situations serve as models? 
Is it enough to answer - like fourth graders perhaps would 
do - "It’s always six!" or "All are three times two" or "It 
is multiplication!" or ...? What is the meaning of the. 
concept “multiplication of natural number"? How may it be 
exp lained? 


The critical step is the crossing of the borderlines of the 
three related DSE’s. The interesting commonness is not with the 
same twos, thrées, and sixes in each situation. What are the 
conditions for seeing the well-known elements differently, to 
dissociate them from narrow concreteness, to attach another 
meaning, another relation, a more general relation, .to them? 
Obviously, we can get hold of what we call a common structure 
only by means of a model, of a certain description; no matter 
how concrete or illustrative this model might be, provided that 
it can work for us as the more general model, which we can 
identify in (map onto) each of the three situations given. 
For the above example a possible fourth model can be 
d) Three parallel lines are cut by two other parallel lines. 
The first three lines can then represent the l., 2., and 3. 
selection or house-per-block or boy. The second two lines 
represent the l. and 2. egg per selection or block or girl. 
And the intersections (modes) stand for the six eggs or 
houses or pairs in total. 
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Clearly the learner either has to reconstruct from related help 
and hints or he/she has to construct such a model on his/her 
own. It should be clear, too, that this construction is not by 
nature an integrated part of any one of the three situations. 
It is not part of the experiences within the three related DSE’s 
it is a new perspective. 
From another point of view the geometrical configuration d) 
is nothing else than just another (specific) model for the 
multiplication of natural numbers. Under this view there 
are many more adequate models or descriptions, e.g. e) A 
table with three columns and two rows, including the three 
initial ones (more in H.RADATZ/W.SCHIPPER 1983, p.73). 
From a developed understanding of the concept, each of the 
models can serve as description of "the" general structure of | 
multiplication of natural number, at least potentially, and 
realizable through one-to-one coordination. Thinking about 
the available modes and possibilities for the representation and 
any structures at’all, we might find that we cannot overcome the 
force of the use of models in communication. In principle there 
is no transgression. This brings us nearer to the relativity. of 
so-called general. concepts (see T.B.SEILER 1973). At this 
point, on the other hand, the common statement about "the best 
learning is learning by example" sounds somewhat tautological. 


4. Thesis. In terms of memory there are no general or abstract 
- i.e. context-free - concepts, strategies, or 
procedures. The person can think (produce) 
relative generality in a given situation. But the 
products are not retrievable from memory in the 
same generality or abstractness, that is, they are 
not activatable independently of the related DSE’s. 

With advancing years the development of the "society of mind" 

leads to an accumulation of DSE’s and also to a growing network. 

of relations among their elements through even the relations are 
realized and retrievable only in specific domains. Their 
genesis is bound to the considerable constructive activities of 
the person as well-as to the situations of practice and to the 
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qualities of’ social interaction. The perspective of a certain 
DSE may become integrated into a new DSE, together with elements 
from other DSE’s. In the perspectives of the new DS! ths 
integrated older experiences may appear as subordinats: 3h 
hierarchically lower elements. But in spite of that the older 
DSE still can compete for activation with the new DSE. R. LAWLER 
therefore speaks of a "structure of a mixed form, basically 
competitive but hierarchical at need" (1981, p.20), more 
precisely perhaps: hierarchically through special activation. 
General knowledge is available through special activation only, 
this is the meaning of thesis 4. 


The disparity of the DSE‘s marks not only the phase of their 
initial formation but also the later phases when detailed or 
more general knowledge has been required, which of course is 
stored in different DSE’s because of the differences in 
situation, as the investigations of FISCHBEIN et al. (1985) 
show. Microethnographical studies at preschool and early school 
ages substantiate the extent to which the ability for 
identifying two events as being "the same case" depends upon 
previous learning experiences and upon the subjective perception 
and definition of the actual situation. In several long-term 
studies R.LAWLER has documented and analyzed the encounters of 
his children with computers, arithmetic and geometry (1979, 
1981, 1985). His early concept of "microworlds" is the 
cognitive shadow of the domains of subjective experience (DSE) 
as defined here (and elsewhere, BAUERSFELD 1982, 1983). 
LAWLER’s daughter Miriam e.g. has solved tasks of the type 
75 + 26 = ? according to the specificities of presentation 
in at least three different and for long incompatible 
microworlds. 


If the task appears as "75 cents plus 26 cents" Miriam 
calculates the solution via her activated "Money world", 
like: "That “s three quarters, four and a penny, one-oh-one!" 
The presentation of "seventy-five plus twenty<six equals..." 
she solves in her "Serial world" like: "seven plus two, 
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nine, ninety-six, ninety-séven, ninety-eight, ninety-nine, 

hundred, one-oh-one!" 

And if it is written as a vertical sum, Miriam adds up the 

columns and carries the tens (R.W.LAWLER 1981, H.BAUERSFELD 

1983). 
The "identical" arithmetical task, as a teacher would name it, 
is thus solved according to the activated special DSE using 
related but completely different procedures. For the child, 
obviously, the different presentations are perceived as 
different and independent tasks. The rigid disparity remains in 
effect even when all three representation are given 
consecutively. It is much later that through spectacular "Aha" 
events certain relations are produced. 
The studies support the supposition that, in particular, the use 
of language is specific to the situation and hence to the 
activatei DSE. In LAWLER’s protocols Miriam uses the 
phonetic lly same words "six", "seventy", "plus", etc. across 
the di’ tant situations, whilst her concrete actions indicate 
differer’ :-ecific meanings in correspondence with the different 
activated microworlds. For an observer therefore it is 
impossible to interpret an utterance without adequate 
reconstruction of the related subjective definition of the 
situation (DSE). Likewise it is impossible for Miriam to take a 
distancing and critical perspective against her specific 
procedures and interpretations from within the activated DSE. 
Evidently this is impossible in general - without having 
developed the distancing and critical perspective as an 
integrated habitual activity within the DSE. That is why a 
teachers urging for comparing, for controlling, for looking 
closer etc. has no effect when these activities are not 
developed in relation to the activated narrow DSE. 

There is by the way good reason for the development of 

disparate DSE“s because of the strikingly different sensual 

characteristics of the concrete activities. 

Miriam’s "Money world" is built upon her intensive 

experiences with her pocket money, with buying and change. 

What mathematicians call the operations of addition and 
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subtraction is here embedded in a world with its own 
specific sensuality: colour, and coinage etc. and with 
specific non-number names like penny, nickel, dime etc. (see 
H.RUMPF 1981). 
In contrast to ehat her "Counting worid" is ruled mainly by 
word sequences which obey certain rules of construction 
("twenty, twenty-one,...") and which are produced through _ 
one-to-one. procedures Of speaking and touching the objects 
to be counted. 
The Paper-sums world" is a medium of quite another type of 
sensuality: Writing symbols on paper using a pencil (with . 
the typical fine-motoric muscle tensions), reading, and 
Operating with the symbols (see H.BROGELMANN 1983). 
So we can state that meaning is attached to a word through 
certain activities in a certain situation but a word has no 
definite meaning per se. This is true with speaking, hearing, 
reading, and writing. Likewise we interpret a word heard ina 
concrete situation within the -range of the actually activated 
DSE. There is no other chance for understanding without 
additional effort, e.g. thé activation of other DSE’s. In this 
sense ev@n the so-called universal language of mathematics is 
not universally available (retrievable) for a person. ; 
Theories become helpful models for realities when and insofar as 
they generate constructive orientation. So more interesting 
than the disparity of DSE’s and the unthinkable purity of 
context-free concepts, perhaps, are both the totality and the 
principle of multidimensionality of learning in social 
interaction: 


5. Thesis Whenever we learn, all of the channels of human 


perception are involved; i.e. we learn with all 
senses, learning is total. And: simultaneously we 
learn on all dimensions and levels of human 
activities, at least potentially; i.e. learning is 
miltidimensional. 
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A smell therefore can activate a certain DSE later on, as can a 
pattern of motion or a sophisticated metaphor. Ina given 
situation we not only learn about the subject mattér, directly 
and attentively, the what-to-do - e.g. the theme, facts and 
procedure (declarative and procedural knowledge) - we also 
learn, more covertly, about the how and the when to do it - e.g. 
orientations of action, strategies, the fit and the adequacy of 
situations - we also learn about the why to do it - e.g. sense, 
reasons, attached values - we learn about ourselves - e.g. 
anxiety and motivation, personal identity - and we learn about 
the others and how they see us - e.g. social norms, the person’s 
social identify. The listing is far from complete. We also 
develop routines and pattern of habitual activities in all 
dimensions. 

JOHN DEWEY already formulated this idea in 19387): 

"Perhaps the greatest of all pedagogical fallacies is the 

notion that a person learns only the particular thing he is 

studying at the time. Collateral learning in the way of 

formation of enduring attitudes, of likes and Gislikes, may 

be and often is much more important than the spelling lesson 

or lesson in geography that is learned. For these attitudes 

are what fundamentally count in-the future." 
The continuous flow of conscious production only marks the 
surface of a much deeper stream of experiences which form the 
orientation of a person’s future actions. As DEWEY stated, the 
most important things are learned collaterally, across many 
activities and preconsciously, in a FPREUDian sense. So what is 
learned beyond the official theme, this major and more powerful 
portion of learning appears as a core problem of classroom 
teaching. AUSUBEL’s classical and often quoted words may now be 
read with a.somewhat more differentiated understanding: 

"If I had to reduce all of educational psychology to just 

one principle, I would say this: The most important single 

factor influencing learning is what the learner already 

knows. Assertain this and teach him accordingly" (1968) 
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Notes 


1) In West Germany (FRG) after four years in primary school 
about 25~40% of the 10-11 years old students enter a Gymnasium, 
where they normally pass grades 5-13 and end up 

with tne Abitur, at age 19. The Abitur exam is the general 
pre-requisite for university entrance. The majority of the 
students enter grade 5 of Hauptschule, Realschule or 
Gesammtschule, the other types in the secondary school system. 
2) These include not only direct simulations of mathematical 
content on the computer screen, but also simulations of the 
learning process, of the learner’s previous knowledge and 
strategies, because all this information is processed in the 
form of mathematical or logical rules and with unambiguous 
ascriptions (meaning). 

3) This, clearly, requires more detailed discussion, which 
cannot be done here. My interest is to point out the 
limitations which are carried by the unreflective use of my 
categories or descriptors. They seem to be "at hand" (like 
metonymies) for what we think we see. But we usually do not 
reflect upon their origin or their context, which leads to. 
covert, narrow pursuit, and not to novel ideas. As operations 
in context, describing and interpreting are dependent on the 
qualities of these bases of the teaching-learning processes. 
4) T.0O°SHEA. stated that often "the attempt to automate an 
activity forces a better understanding of the activity 

itself" (O°SHEA/SELF /1983, p-267). And he ends his diagnosis 
by saying: "...it is easier to let children try to learn BASIC 
than to develop learning environments which facilitate 
intellectual discoveries; it is easier to write programs which 
treat students uniformly than to write programs which try to 
take account of an individual student ’s interests, errors and 
aptitudes” (ibid., p.268). 

5) Analysing the role of example and counterexample in "proofs 
and refutations" LAKATOS said: "...we May have two statements 
that are consistent in (a given latiguage )Lyj, but we switch to 
(a new language) Lg in which they are inconsistent. or we may 
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have two statements that are inconsistent in L 1, but we switch 
to L2 in which they are consistent. As knowledge grows, 
languages change. 


‘Every period of creation is at the same time a period in which 
tne language changes.” (FELIX) The growth of language cannot be 
modelled in any given language." (I.LAKATOS 1976, p.93; 
brackets added from context, H.B.). LAKATOS identifies the 
change of language as "concept-stretching" (p. 93 £.). But 
"concept-stretching will refute any statement, and will leave no 
true statement whatsoever." (p.99) Indeed he denies the 
existence of "inelastic, exact concepts" as bases for 
rationality (p.102). There is no eternal truth, there is only 
"guessing" (p.76 £.) and "the incessant improvement of guesses" 
(p.5). D.SPALT (1985) discusses in detail the failure of 
LAKATOS” solution to this fundamental problem: "mitigation" of 
concept-stretching (LAKATOS 1976, p.102 £.). 

6) The notion of "subjective" experiences rather than 
"personal" experiences (which might be nearer to colloquial 
English) follows etymological considerations. The Latin origin, 
the verb "subjicere", means in the transitive sense that the 


‘person (the subject) actively subjugates something, makes it the 


person’s own through action. This of course describes the 
functioning of "subjective experiences". The active parts are 
at least the continuous constructions of meaning and the 
selecting and focussing in our changing definitions of the 
actual situation. 


7) For this quotation I am indepted to HARRIET K. CUFFARO’s 
article in the Columbia Teachers College Record, summer 
1984, p. 567, which interestingly critizes the present use 
of computers in schools. 

The vigilant reader will find that chapter 4 as promised at the 

bottom of page 2 is missing here. The chapter will have to be 
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added later on. 
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ON THE RELATIONSHIP BETWEEN APPLICATIONS OF 
MATHEMATICS AND THE TEACHING OF MATHEMATICS 


INTRODUCTION 


Most mathematics educators believe in the importance of 
applications, but it is nevertheless very difficult to 
get applications into the curriculum. Why? One 
possible reason appears to be that there is no agreement 
on what is meant by applied mathematics. In the 
following we shall explore four different definitions, 
and their consequences both for the mathematics subject 
matter and for pedagogy. : 


1 THE DEFINITION OF APPLIED MATHEMATICS AND ITS VISUALIZATION 


In discussions of applied mathematics, a large amount of unnecessary difficulty is sometimes 
created by differences in perception of the appropriate definition. These differences have come 
about quite naturally in recent years, since the variety of mathematics which has significant 
practical applications, the number of fields to which mathematics is applied, and the modes of 
applications have all undergone very rapid change. It is useful to think in terms of four different 


definitions. 


* Dr. Pollak's lecture followed closely parts of the text 


of his paper "The interaction between mathematics and 


other school subjects",.Volume 4, UNESCO. The appropriate 


parts of the text are reprinted here by permission of 
the author and UNESCO. 
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(1) Applied mathematics means classical applied mathematics; that is, the classical branches of 
analysis, including calculus, Ordinary and partial differential equations, integral equations, 
the theory of functions as well as a number of related areas. It is sometimes.convenient to 
annex those aspects.of secondary mathematics which are essential prerequisites to calculus, 

- in particular algebra, trigonometry and various versic ‘s of geometry. The fact that these 
branches of mathematics are the ones most applicable to classical physics is usually under- 
stood as part of this definition, but no actual connection with physical problems is implied. 


_ (2) Applied mathematics means all mathematics that has significant practical application, This 

_ greatly enlarges the collection of mathematical disciplines included under (1). All the topics 
that have been considered world-wide for inclusion in the elementary and secondary school 
have significant practical applications — including sets and logic, functions, inequalities, 
linear algebra, modern algebra, probability, statistics and computing. Almost all the mathe- 
matics taught at the tertiary level (the undergraduate level at many universities) as well as 
much graduate mathematics are also included. In the views of many people, the most 
impOrtant areas of mathematics that are included in (2) but not in (1) are statistics, 
probability, linear algebra and computer science. There are many who feel that these topics 
are as important as classical analysis. Fields of potential applicability include more than 
Physics, but, once again, only the mathematics itself is being considered. 


(3) Applied mathematics means beginning with a situation in some other field or in real life, 
making a mathematical interpretation or model, doing mathematical work within that- 
model, and applying the results to the original situation. Note that the other field is by no 
means restricted to lie in the physical s.Jences. In particular, applications in the biological 
sciences, the social sciences, and the management sciences have become extremely active. 
Many other areas of applications will 2’: :'~ considered. 


(4) Applied mathematics means what peor 2+) apply mathematics in therr livelihood actualy 
do. This is like (3) but usually involves éc’ ng around the loop between the rest of the world 
and the mathematics many times. An excellent example of the process involved in this 
definition of applied mathematics may be found in a report of the workings of the Oxford 
Seminar in the United Kingdom (Oxford, 1972). ; 


A convenient aid in visualizing these four definitions is seen below: 


In this picture the left-hand side shows mathematics asa whole, which contaiis two intersecting 
subsets we have called classical applied mathematics and applicable mathematics. Classical applied 
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mathematics represents definition (1) and applicable mathematics, definition (2). Why doesn’t 
(2) contain all of (1)? The.overlap between these is great, but it is not true that all of classical 
applied mathematics is currently applicable mathematics. There is much work in the theory of 
ordinary and partial differential equations, for example, which is of great theoretical interest but 
has no applications which are visible at the moment. Such work is included in definition (1) as 
classical applied mathematics, since this contains all work in differential equations; on the other 
hand, if it is not currently applicable, it does not belong in definition (2). 


The rest of the world includes all other disciplines of human endeavour as well as everyday life. 
An effort beginning in the rest of the world, going into mathematics and coming back again to 


.the outside discipline belongs in definition (3). Definition (4) moles: as will be seen, going 


around the loop many times. 


Other categorizations of applied mathematics have also been considered and can be examined 
in terms of the diagram. Typically, they involve a more detailed study of the process within 
mathematics itself than we shall undertake here. For example, applications of mathematics may 
consist of routine uses of mathematics, of mathematical reasoning as opposed to direct 
calculation, and of the building of models of various sizes going from small models through full’ 
mathematization of real situations to truly large-scale theories. Another very interesting way of 
slicing the pie may be found in Felix Browder (1976) “The relevance of mathematics’. His 
categories consist of: (a) practical mathematics, that is mathematical practice in the common life 
of mankind in civilized societies; (b) technical mathematics, that is the use of mathematical 
techniques and concepts to formulate and solve problems in other intellectual disciplines; (c) 
mathematical research, that is the investigation of concepts, methods and problems of various’ 
mathematical disciplines including applied ones; and (d) mathematics as a universal pattern of 
knowledge, which means the science of significant form. His cssay is highly recommended. : 


2 - A DETAILED STUDY OF THE VARIOUS DEFINITIONS 


2.1 The mathematics side of the diagram ? 


The mathematical content of classical applied mathematics (definition (1)) and of applicable 
mathematics (definition (2)) have already been discussed. One recent trend has been the pub- 
lication of books and articles showing the applicability of many of the mathematical disciplines 
which are not included in definition (1). To name just a few examples, Hans Freudenthal (1973) 
as well as M. Glaymann and Tamas Varga (1973) have written recent books on the applicability 
of probability; Tanur, Mosteller, Kruskal, Link, Pieters and Rising (1972) have edited a volume 
showing the great diversity of applications of statistics; R. H. Atkin (1974) in his book has 
included applications of topology, and Fred Roberts (1976) has devoted much space to appli- 
cations of graphs and Markov chains. Journal articles are even more numerous; a few samples of 
particular interest follow ~ without the slightest pretence of coverage. Thus F. W. Sinden (1965) 
and Uwe Beck (1974) have shown some applications of topology; M. Dumont (1973) has 
discussed some uses of Boolean functions and J. H. Durran (1973) some applications of Markov _ 
chains. Recent applications of combinatorics and graph ‘theory are examined, for example, by 
John Niman (1975), J. N. Kapur (1970) and W. F. Lunnon (1969). . 


A significant feature of applications of mathematics is that mathematical concepts and 
structures have important usefulness, not just mathematical technique. An interesting discussion 
of this point is given by H. G. Flegg (1974). Furthermore, since the relationship between mathe- 
matics and its applications is forever changing, there is a dynamic effect on mathematics itself. 
It has happened many times that areas of mathematics which were originally considered quite 
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pure, and were developed with no thought of applications whatever, have turned out to be 
significantly useful. On the other hand, areas of mathematics which were invented only for 
4,nadcation, with no thought of their possible contribution to core mathematics, have turned 
out to have an impact on pure mathematical disciplines. As an example of the former, the theory 
of_entire functions has given notable insights in electrical communications; ideas of information 
theory,'on the other hand, have been useful in such diverse fields as measure-preserving trans- 
formations and the theory of finite groups. 


2.2 The rest of the world 


Perhaps the outstanding feature of applications of mathematics in recent years is that the areas to 
which mathematics is applied have been increasing in number so iapidly. It is fair to say that no 
area Of human endeavour is currently immune from quantitative reasoning or mathematical 
modelling. Besides the traditional Physical sciences and engineering, the biological sciences, the 
social sciences, the management sciences, the humanities and everyday ‘2 are all arenas for inter- 
action with mathematics. This is not meant to imply that mathematics is taking over all these 
other fields, but there are many interesting applications. 


Perhaps the most extensive literature in recent years on applied mathernatics from the point of 
view of the other disciplines has come in the biological sciences, An excellent overall survey 
appears in the book by J. Maynard Smith (1968). Books dealing with specific areas within, the 
biological sciences include Victor Twersky (1967) on growth, decay and competition and R. M. 
-May (1973) on‘the stability of ecosystems. ‘Among the articles too numerous to summarize we 
note S. Karlin (1972a,b, the former jointly with M. Feldman) on genetics, S. P. Hastings (19753 
on neurobiology, Arthur Engel (1971, 1975) and Beck (1975) on population models, Y7. D. 
Hamilton (1971) on the geometry of group behaviour, and several articles in “Computers in 
Higher Education” (1974) on the use of computers in biology. Not that new books and articles 
on mathematics in science have been lacking: We note particularly a little known volume by . 
George Polya Mathematical Methods in Science (1963) as well as another portion of Victor 
Twersky (1967). Recent articles on mathematics in science include J. B. Griffiths (1976) on 
model building and mechanics, the conference report on “Modern Mathematics and the Teaching 
of Science” (1975), and the previously mentioned computer survey “Computers in Higher 
Education” (1974). 


Another field which has recently flourished is the interaction of mathematics with the social 
sciences, Information on computers and statistics in the social sciences generally may be found 
in (Computers ..., 1974) and (Teaching of statistics . .. » 1973); a fascinating and somewhat 
different viewpoint is reprezented in the article by H. R. Alker, Jr., “Computer simulations: 
Inelegant mathematics and worse social science?” (1974). The Source book on Applications of 
Undergraduate Mathematics to the Social Sciences (1977) contains descriptions of detailed 
mathematizations in many fields of the social sciences. To go on with specific fields, economics is 
extremely active for interactions with mathematics, although good expositions of the problems 
of model building in economics are not common. One nice example is “On the theory of 
interest” by David Gale (1973). Mathematical work in geography has also been quite popular in 
recent years, particularly in the United Kingdom. Again there are significant contributions in 
(Computers... -» 1974) and (Source Book ..., 1977), and an elementary treatment of weather 
forecasting in Durran (1973); see also King (1970). Mathematical psychology is represented by 
two recent survey articles by Anatol Rapoport (1976); Source Book... (1977) also contains 
extensive references to recent work. Besides their appearance in overall summaries, anthropology 
is represented by example in the book by L. Pospisil (1963) and the traditional mathematical 
theory of warfare by Arthur Engel in (197 1). A magnificent example of mathematics applied to 
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political science may be found in M. L. Balinski and H. P. Young (1975) “The quota method of 
apportionment”. Mayer (1971) and Coxon (1970), for example, represent mathematical 
sociology. 


The very large field of mathematical models in the management sciences including the entire 
area of operations research hardly needs description here. Sample articles of particular interest in 
recent years include those by F. J. Fay (1972), J. C. Herz (1973) and the delightful piece on 
mathematics applied to college presidency by J. G. Kemeny (1973). Mathematical models in 
medicine has been an increasingly active field; there is an excellent survey by J. S. Rustagi 
“Mathematical models in medicine” (1971). Mathematical linguistics has similarly become a 
major accepted field. Interesting particular articles appear, for example, as parts af Engel (1971) 
and Source Book... (1977), with Sankoff (1973) as another good source. 


The penetration of mathematics into the humanities, including statistical and computer 
models, is a fairly recent event. Perhaps furthest advanced are mathematical analyses of art. We 
note, for example, A. V. Subnikov and V. A. Koptsik (1974) and a very valuable British summary 
of mathematical ideas and concepts in art by Beryl Fletcher (1976a). Mathematics applied to 
architecture is discussed by R. Fischler (1976) as well as in the summary work “Computers in 
Higher Education” (1974). Some examples of mathematical ideas in hobbies and handicrafts are 
given in Beryl Fletcher (1976b). Mathematical strategies for certain games such as NIM and the 
towers of Hanoi have long been familiar to, and enjoyed by, mathematicians. In recent years, 
there has been a great upswing in the discovery of optimal strategies for much more intricate 
games, and this has even provided one of the early applications of ideas from nonstandard 
analysis. We particularly note the work of E. R. Berlekamp and J. H. Conway, partly reported in 
Conway (1976). A nice example of optimal strategy for poker is given by W. H. Cutler (1975). 
oe has often been treated ~ see e.g. Sinkov (1968); for mathematics in sports see 

ein 


Besides the above-mentioned books and articles more or less devoted: to specific areas of 
applications, there has been a trend in recent years towards the publication of excellent 


_ collections of articles and symposium reports which cover a broader spectrum. One of the earliest 


but still of great interest is the Utrecht colloquium “How to Teach Mathematics so as to be 
Useful” (Freudenthal, 1968). This was followed by the Echternach symposium “‘New Aspects of 
Mathematical Applications to School Level” (Echtemach, 1973) and the Lyon seminar “Goals 
and Means Regarding Applied Mathematics in School Teaching’’ (Goals and Means... , 1974) 
Other noteworthy volumes of this kind include Notes of Lectures on Mathematics in the 
Behavorial Sciences edited by H. A. Selby (1973), Topics in Behavorial Mathematics by T. L. 
Saaty (1973), A Source Book for Teachers and Students on Some Uses of Mathematics, Max Bell 
(1967),.4 Conference on the Applications of Undergraduate Mathematics ... (Knopp and Meyer, 
1973) and La Mathérnatique et ses Applications by E. Galion (1972). 


The preceding list well illustrates the current diversity of applications of mathematics in 
contrast with the historical monolith of applications to physics. It should not be assumed, 
however, that the arguments between those who stress the great variety of applications in recent- 
years and those who feel that their total impact cannot compare to the 2000-year accumulation 
of success in mathematical physics have died down. In fact, this diffurence of instinctive value 
judgement underlies many of the arguments about mathematiss education to which we will 
return later. 


2.3 The model building process 
When mathematics is actually applied to a situation in some other field, there are typically a 
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number of distinguishable steps in the process. These consist of a recognition that a situation 
needs understanding, an attempt to formulate the situation in precise mathematical terms. 
mathematical work on the derived model, (frequently) numerical work to gain further insigt.t 
into the results, and an evaluation of what has been learned in terms of the original exis... 
situation. This picture of the model building process has been widely accepted and there are 
many papers which elucidate the details from: various points of view. Overall descriptions appear, 
for example, in the papers by M. S. Klamkin (1971), H..O. Pollak (1970) and P. L. Bhatnagar 
(1974). The same pattern, but applied specifically to operations research, appears in the paper by 


- Gordon Raisbeck (1975) “Mathematicians in the practice of operations research”; its application 


to engineering may be found in A.C. Bajpai, L. R. Mustoe and D. Walker (1975), and again in the 


_ paper by H. G. Flegg (1974). M. E. Rayner (1973) in her paper “Mathematical applications in 


science” in the Echternach report describes in detail some of the difficulties in problem form- 
ulation. A quotation she gives from Eddington is particularly worth repeating, ‘The initial 
formulation of the problem is the most difficult part, as it is necessary to use one’s brains all the 
time; afterwards, you can use mathematics instead”. A proposal for better model building in 
mechanics is also given by J. B. Griffiths (1976). See also Wilder (1973). 


The model building process has a number of interesting properties as well as pitfalls which 
we shall examine. A good model is one which is to some extent successful in explaining, or 
even predicting, external reality. If it fails to have this explanatory power then, no matter how 
satisfactory the mathematics itself, the model is not good applied mathematics and must be 
changed. This process can be quite painful for the mathematician but real progress in inter- 
disciplinary efforts is often made through successive changes in the model. This is one of the 


_reasons why definition (4) of applied mathematics involves going around the Icop many times. 


Another phenomenon which sometimes happens is that a mathematical model predicts too mvzh 
rather than too little. It may happen: that phenomena observed in the other field are indeed 
explained satisfactorily, but that further logical implications of the model are not acceptable. 
For example, in the mathematics, of communication a model of a signal which is of finite 
duration in time is very realistic. Similarly, a model of a communitation ¢gnal using finite band- 
width comes up in many situations and gives quite satisfactory engineering results. Unfortunately, 


“che two are contradictory and cannot be used at the same time in the same problem; models 


which do so unwittingly will lead to nonsense. On the other hand, attempts to understand this 
difficult situation fully have led to very interesting acvances, see e.g. D. Slepian (1976). 


Another feature of the model building process is that the purposes for which a mathematical 
model is created are also quite varied. In the physical sciences and engineering, the purpose is 
frequently very precise understanding which will in turn lead to action. In the social sciences, 
on the other hand, the purpose is often one of izsight; you want t9 know whether a certain se* 
of hypotheses could account for a particular observed phenomenon. It is often assume, although 
not necessarily true, that these associations are in fact one-to-one correspondences. Physical 
models of why rivers meander, or why a rapidly slurped pice of spaghetti comes up and hits your 
nose, are not necessarily used for scientific decisions, On the other hand, mathematical models of 
shortest connecting networks and optimal pricing are often used for management action. 


The overall picture of applications of 1v.:;he~zatics would not be complete without a discussion 
of truly interdisciplinary activity. Muc:. 9° che most exciting current work is in fact on the 
borderline detween several fields, one of which being in the mathematical sciences. The above 
references will lead the reader to many examples of current interdisciplinary work. 
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3. EFFECTS OF APPLIED MATHEMATICS ON MATHEMATICS EDUCATION 


3.1 Problems.and problem solving in the schools 


A framework for understanding the meaning of applied mathematics has now been established, 
and a number of ramifications of the various definitions have been examined. A look at effects 
of applied mathematics on education follows. It must be emphasized that many of the topics in 
this chapter represent ideas and experiments in various countries which cannot claim to be 
adopted on any large scale. Discussions at the Karlsruhe Congress did not bring forth any data 
which would substantiate broad use of applied mathematics in the schools. 


Traditionally most of what was considered applied mathematics in the schools has been found 
under headings such as “word problems”’, “problem solving”, etc. (This does not mean the 
“word problem” in the sense of modern algebra.) The meaning of such problem solving has been 
examined in a number of projects and articles in recent years. For example, the work of IOWO in 
the Netherlands is of particular importance. IOWO has also paid special attention to the 
differences “in abstraction and precision between mathematical language and everyday language. 
The detailed meaning of problem solving is examined in papers by H. G. Flegg (1974), Beryl 
Fletcher (1976c) and H. O. Pollak (1969). Genuine applications of mathematics to other fields 
and to everyday life should ideally be in the character of definitions (3) and (4). It is often 
argued that a full presentation in the spirit of even definition (3) represents too large a project 
and takes too much time. In that case, the actual situation and numbers used in the word 
problem should at least be genuine extractions from an honest problem formulation. For 
example, estimates of crop yields and of times to complete a task should not be made to five 
significant figures, for this will never happen in real life. Too many plumbers in one room get in 
each other’s way, and jobs are not alwzys divisible. 4. current joint project of the National 
Council of Teachers of Mathematics and the Mathem: al Association of America in the United 
States is producing a Source Book (1978) of hundred. “simple problems which are intended to 
be genuine in the above sense. 


The opposite phenomenon is that the facts alleged in the statement of a problem are some- 
times totally unreal. Problems which use wrong linguistics or impossible engineering or incorrect 
meteorology just to have some words from another discipline should be avoided. In this case, 
intent can nevertheless be important. Sometimes problems are clothed in a mantle of external 
vocabulary only for amusement, and the pretended application is not meant to be taken seriously. 
We shall call such problems whimsical problems. A strong argument in favor of such problems is 
made for example by Arthur Engel (1969) “Some examples are artificial, like fabies. But just 
like fables, they have a moral, i.e., they facilitate insights into things that appear in the real 
world”. For example, it can be quite effective to begin with an unsatisfactory oversimplification 
of a real situation, and to approach a genuine application in the sense Of definition (4) through a 
series Of increasingly realistic problems. Thus whimsical and unreal problems are not necessarily 
devoid of pedagogic value. However, if they are perceived as stupid, they may well be counter- 
productive. Similar discussions of real and unreal problems may be found in two particularly 
interesting papers by Margaret Brown (1972, 1973) and Mary Williams (1971). In particular, Mary 
Williams points out that the same difficulty of unreal models happens at a very advanced level as 
well as at the school level. See also section 1.1.5 of Chapter IV. 


The increased awareness in many countries of the importance of teaching the applicability of 
mathematics has led to a number of very interesting attempts to collect real problems at various 
levels, and from various disciplines, and to make them available for teaching purposes. One 
collection at the school level (Source Book ...Secondary School, 1978) has already been 
mentioned. Other general collections have been made by Max Bell (1972), Ben Noble (1967), 
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D. A. Quadling (1975), and C. W. Sloyer (1974). Collections devoted to particular disciplines, 
mainly at the university level, include the series on statistics by example (Mosteller et al., 1973), 
the social sciences problem book (Source Book. .. Social Sciences, 1977) and the collection of 
mathematical models in biology (Thrall et al., 1967), although the realism of problems in the 
latter , collection varies. Another text in the same-spirit, although it is organized ds an actual 
course in engineering concepts, is Tze Man Made World (1971). It can be expected that very 
interesting collections of real problems in the above spirit will also be appearing in China. One 
such example of which we are aware contains, among other things, a number of excellent 
geometric problems from industry and agriculture (Applications... , 1975). 


3.2 Mathematical subject matter in the schools 


The diversity of applicable mathematics (definition.(2)) which has emerged in recent years has 
greatly complicated the task of designing curricula for elementary and secondary schools. The 


‘ traditional goals of preparing students for either shopkeeping or calculus (associated with 


definition (1)) cease to be uniquely valid when so many more areas in the mathematical sciences 
are of undeniable importance to so many of the world’s people. As the number of reasonable 
chices increases, so does the difficulty of designing a curriculum. It has been argued by many 


.that, for example, probability, statistics and computer science are as important for applications 


as the calculus. School materials for applications to many different disciplines have become 
available in recent years. Collections of materials involving applications to many different-fields 
may be found, for example, in Crossing Subject Boundaries (Schools Council, 1970) and the 
materials from the Minnesota School Mathematics Center (Rosenbloom, 1963). The Chelsea 
Centre for Science Education project, “Science Uses Mathematics” (Chelsea) contains interesting 
applications to science which can be used in an interdisciplinary way, although this is not always 
done. Applied Mathematics in the High School by Max Schiffer (1963) also gives excellent 


_ examples of the relationship of mathematics and scientific applications from the point of view of 


the schools. A collection of examples which turn the tables and use physics to do mathematics. 
has been made by Uspensxii (1961). 


A major work examining curricular goals and pedagogy in the framework of an application to 
economics may be found in Damerow, Elwitz, Keitel, and Zimmer (1974). Biological applications 
may be found in Gibbons and Blofield (1971), and applications to geography in the materials by 
IOWO, in New Ways in Geography by J. P. Cole and N. J. Beynon (1968) and also in B. Fletcher 
(1976c). Applications to geography are also featured in the Travaux d'Orléans (Les 
Mathématiques dans | ‘Enseignement . ; 1975), which in fact contains many other fascinating 
applications to a variety of fields throughout the curriculum, including economics, technology 
and medicine. This work also features. references to recent work on applications in France and 
interesting philosophy on the usefulness of mathematics. An interesting application to political 
science may be found in Steiner (1966); environmental applications occur in the work of IOWO 
and in the book by Fred Roberts (1976). As we look at applications organized from the 
mathematical point of view, a superb collection of applications of linear algebra may be found in 
T. J. Fletcher (1972), and of statistics and probability in the work of Arthur Engel, e.g. (1970, 
1973) and in The Teaching of Frobability and Statistics edited by RAde (1970). Mathematics 
Applicable by the Schools Council (1975) also motivates much secondary mathematics through 
examples; the volume entitled Logarithmic/Exponential is a particularly interesting sample. 


This great diversity of possible applications of mathematics, and of elementary branches of 
mathematics with significant applicability, has made the curriculum design problem Very difficult. 


-For example, topic A deserves to precede topic B in the curriculum if topic A is socially more 


important at this particular time, or if topic A is a prerequisite to topic B at this particular time. 
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As technology and social goals change, so should the ordering of importance. As available tools 
for teaching change, so will the order of prerequisites. These orderings will differ also from 
country to country. These facts make it even more difficult than it has been inthe past to export 
curricula from one part of the world to another. Since an imported curriculum incorporates 
problems, situations and values which make no sense in a new country, this was probably never 
desirable, but is is even more questionable now. 


3.3 The possible effect of applications on pedagogy 


An appreciation for the different forms of applications of mathematics should affect not only the 
curriculum materials of the schools but also the pedagogy. If you examine even relatively simple 
uses of mathematics, you find that it is necessary to understand when and how and why the 
mathematics works in order to apply it correctly. There are several reasons for this. One is that 
mathematics which has been understood will be remembered better. Another more fundamental 
reason is the danger that mathematics which has been memorized without understanding will be 
misapplied. It is necessary to know where a particular method or formula comes from, exactly 
what kind of problem it will handle, and when and how it works in order to be sure that it will 
apply to a new situation. Curriculum reform in many countries has emphasized the “why” of 
mathematics in recent years on the grounds that it is essential for proper teaching of 
mathematics. What we see is that “why” is just as important for interactions of mathematics 
with other disciplines as it is for mathematics itself. The natural desire of mathematics teachers 
to emphasize understanding as well as technique is reinforced, not contradicted, by applications. 


The model building process as developed through definitions (3) and (4) of applied 
mathematics interacts with mathematical pedagogy in a still deeper sense. Model building requires 
an understanding of the situation outside mathematics and of the process of mathematization as 
well as of the mathematics itself. You cannot hope to mathematize a situation without under- 
standing it. Here we have yet another way in which “applied” problems which do nothing more 
than mouth words from another discipline are likely to mislead the student. A’ great weakness 
of some courses with titles like “Methods of Applied Mathematics” is that no attempt is made to 
provide an opportunity for the student to understand the situation and the mathematization 
process. This point has been particularly emphasized by H. G. Flegg (1974) and is further 
substantiated, especially from the point of view of future employment, in R. R. McLone (1973). 
Some of the college-level collections of real problems mentioned previously, for example Noble 
(1967) and Source Book ...Sociai Sciences (1977), take particular pains towards the under- 
standing of the situation in the real world. 

Another pedagogic. implication of the interaction between mathematics and other disciplines as 
it is described in definition (4) is that such interactions are clearly open-ended. Open-ended 
teaching of mathematic ‘*:2f has long been recommended by mathematics educators in many 
countries, although adop‘::; 13 rare. What does “open-ended” mean in this context? Besides the 
usual activities of solving ;.cbiems and proving theorems, students should have the experience 
of finding their own problems to solve and their own theorems to prove. Such experience is an 
important factor in the mathematical development of the student. But exactly the same 
argument holds in the context of applications. It is very-valuable for the student to have open- 
ended modelling experience, which besides {ts great pedagogic valus is an accurate foretaste of 
mathematical°applications in the real world. Experiments in open-ended discovery teaching of 
mathematical’applications, many in the form of truly interdisciplinary materials, are under way 
in surprisingly many countries. An outstanding example is certainly China, where a major 
practical problem will be used for reference and inspiration throughout a course in calculus or 
linear algebra. There are many other examples of open-ended and truly interdisciplinary activities 
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at the tertiary level, represented, for example, by the Case Studies in Applied Mathematics 
(1976), the books by T. J. Fletcher (1972), Maki and Thompson (1973) and Roberts (1976). 


- At the elementary level, an outstanding example is provided by the USMES project in the United 


States (Lomon et al., 1975) in which students attack a series of action-oriented challenges by 
appropriate combinations of mathematics, science and social science. Truly -open-ended 
applications are particularly difficult to introducé at the secondary level, and corresponding 
materials are very scarce. 


3.4 Applications and teacher training 


As mathematics teaching changes in the light of the increasing applicability of the subject, so 
Should teacher training. Teachers should become familiar with the new fields of applicable 
mathematics, with the process of model building, and with the associated pedagogic emphases 
on understanding and open-endedness. There is a general tendency world-wide to reverse certain 
recent trends and to include more experiences involving applications in the training of 
prospective teachers. Perhaps the most exciting development in this direction is the pattern 
pioneered in the United Kingdom and now also spreading, for example, to Australia (Fensham 
and Davison, 1972), i.e. to make an internshiy in industry part of the training of a mathematics. 
teacher. In this way, it is possible for the teacher to learn something of how the mathematical 


_ sciences are really applied. Practising teachers also sometimes help with the preparation of new 
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interdisciplinary, open-ended materials (see e.g. Case Studies... , 1976). Especially in those 
countries in which there is currently an ample suppiy of teachers, those prepared in the broader 
mathematical sciences and familiar with applications of mathematics enjoy a stronger position in 
looking for employment. In other countries, applied mathematics in the sense of definition (1) 
has always been a strong component in teacher training, but experience with applications in the 
sense Of definitions (3) and (4) has been missing. Once again, major industrial or agricultural 
experience has become part of teacher training in China. : 


3.5 Vocational education 


A further educational effect of applications of mathematics is in vocational education. As the 
importance of the mathematical sciences increases for many disciplines, so does the need the 
workers and technicians in these disciplines to learn the most appropriate mathematical 
techniques. Noteworthy vocational materials in a variety of technical fields have been developed 
in a number of countries. For example, of the order of a dozen volumes of applications of 
mathematics in different technologies (clothing, carpentry, metal work, etc.) have been produced 
in Hungary. A different development in the same spirit is the increasing popularity of special 
curricula for technicians in computer science and data analysis. These have become particularly 
prevalent, for example, in the United States.’ 


3.6 The implications of truly interdisciplinary teaching 

Teaching which is truly multidisciplinary is very difficult to achieve at any level, but perhaps 
nearest to reality in the elementary school, where — in many countries — a single teacher 
normally handles most if not all subjects. The evidence for this may be found in the many multi- 
disciplinary materials for the elementary school which have been mentioned. Such activities, 
when actually carried out in the schools, are especially satisfactory for students because they 
strengthen the relationship between school and real life. Students are not always satisfied with 
the promise of future gratification inherent in such statements as “you will find out why this is 
useful later on”, and are pleased with the applicability of mathematics to problems in which they 
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are interested. This is particularly stressed, for example, by IOWO and USMES (Education 
Development Center, 1974, 1975). However, if the time during the school day is apportioned 
according to disciplines, it is necessary that the time for multidisciplinary activities be 
contributed ‘by the various disciplines involved. This implies, at a minimum, that multi- 
disciplinary projects must state what responsibility they will take for specific topics in the several 
disciplines. Appropriate teacher training at the elementary level is very necessary. On the 


secondary level, the implications for the structure of the educational system are much more 


severe. If a single unit involves mathematics, science, social science and language arts all ina 
significant way, who is going to teach the material, who will contribute the time, how should the 
school be organized? These problems have not been solved, although team teaching is one possi- 
bility; see also Rao (1975). They are discussed particularly in section 3.7 of Chapter IiI and in the 
Report of the Memphis Conference (Education Development Center, 1974). At the university 
level, multidisciplinary educational activities may take the form, for example, of genuine model 
building courses discussed previously, or of team ‘teaching by faculty from mathematics and from 
a field of application of sections in basic courses-such as calculus, linear algebra, and statistics. 
An exampie of a master’s programme with multidisciplinary experience is Hunter College (1974). 
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LESSONS FROM RESEARCH ABOUT STUDENTS' ERRORS 
by S.H. Erlwanger 


PARTICIPANTS OF WORKING GROUP A 


H. Baversfeld, H. Bouazzaoui, V. Byers, B. Enmouna, H. Gerber, 
Hoffman, R. Kayler, D. Kirshner, A. Kramti, E. Kuendiger, D. ] 
0. Mohammed, A. Powell, J. Vervoort, S. Erlwanger, 


been approached from a more developmental, cognitive point 
view. In this: latter approach, students' errors are seen 
more as signs of progress in leaming, apres B gtepet poe 


It is the intention of this working group to study and to « 
the phenomena of error in mathematics learning from the la 
Perspective. 


1. by looking at same récent publications or research in 
this field; ; 


2. by indicating’ the impact of particular results on the 
and description of models of the learning 
process; 


3. by identifying same areas of research, where the descr 
approach could be of particular interest," 


The Working Group consisted of a diverse set of individuals wit 
ests ranging from the elementary school to the university leve 


1. Publications and Research 


Several publications were on display for the group. Saree 
are listed in the Appendix. In addition, saveral copies of 
reports and examples of students work were made available t 
menbers. ‘There was unfortunately, not a wide enough range. 
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as of research idontjfied as of interest were in the articles 
Jisplay, especially two by which are discussed be- 
. The following points of interest emerged from the discussions. 


oy Analysis for Cognitive Purposes 


ag sama discussion as well as general agreement on the idea of 
rrors and error analysis to study cognitive processes. The 

, “Cognitive Diagnosis of Children's Arithmatic" by Ginsburg 
cussed as a good example of ona application of error analysis. 
felt that Ginsburg’ sclassificationof cognitive purpose and 
tive purpose was a useful way of considering error analysis. 


the members here felt that such analysis could be useful for 
while others were more interested in using such 

a for remediation. These differences reflected individual 

interest and oxperiences in the area of diagnosis. ~ 


the participants, H. Gerber, has aptly observed that "the 
got off to a ponderously slow beginning. Perhaps it was due 
haterogenious nature of the groups, or the variety of biases, 
tions, and concerns, that tha first three hours were, to me at 
a waste of time. Tha meating cam alive at the start of the 
ession with your (Erlwanger) exanples, confirming the theory 
should introduce a topic with a problem that interests the 
@." ‘The point being mada is an important ona in that it: re- 
the state of the art error analysis in mathematics. 
by Ginsburg was a beg attempt towards soma sort of 
Howaver, it becama clearer over the three days that we were 
ily motivated by anecdotal exanples asyi subsequent discussions 
d at tha descriptive level and led to different interpretations 
Be 


=] two days we attempted to follow a plan to discuss 
ra). Errors, Conceptual Errors and finally errors in Problem’ 


cedural and Conceptual Exrors 


nection was mada batween these two types of errors by V. Byers. 
mer were errors in tha steps of an algorithmand the latter were 
ed with concepts. The discussion on procedural errors led to 


lowing points: 

@ article, “Cognitive Analysis of Children’s Mathematics Diffi- 
" by Russellahd Ginsberg was introduced by Byers as an exanple 
strate procedural errors as specific defective procedures when 
ng a written algorithn. Menbers did net have enough time 

st the article. It was also felt that {ie paper summarized re- 
ather than described individual children. However, the results 
icate that fourth graders with learning difficulties made a 
number of errors than their peers. 
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(ii) Two exanples of children's work shown 
were Exlwan 
Pot cong showed a boy who made procedural felled dais 
exanple mentally in his head. Moreover, th 


by both good and poor students, bu 
s but it is only the latter 
often unable to usa standard algorithm that are bavoltt at . 


"(4dd) Two exanples of conceptual 

exanp errors were gi . Ve. Bye 
saoal ret Mo Davis on the zero product principio hten 8 
x-8"3, S used incorrectly to solve (x-7) (x-8) = 3ias » 


A set of examples by Exlwanger of children’ tervi: 

to questions about the equal sign waa distributed, ihe eae 

ae ‘a how children ‘gave their ow (different) interpret 
equal sign in examples such as 24395, 383 and 5432345, 

There was not enough tima to consider these examples or any o 

C. Exrors in Problem Solving 

There was no time to discuss this area at all, . 

D. Other aspects that were touched upon but not discussed at 

1. Articles by Byers and Erlwanger. One article on "Content 


in Mathematics" raised the ther erro 
question whe should 
buted to either the content or the feu, or both. A secon 


2. mode by ene PY Russell and Ginsburg Supported sana of the o 
a :? gcoup, namely: children with mathematics olff 
= sie grat in key informal mathematical concepts an 

Y have trouble recalling addition number facts and | 
make procedural type errors. 


4. Looking at errors from a broad erro: 
context in which 
only one aspect of the totality of that student. i, Baie 


5. The notion that errors are sub’ spec: 
ect matter 
content as well as its form ree and pS hang se 
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discussions on ecrors remained at the descriptive level 
id not lead to any theory. (D. Kirshner) 


‘ize, the working group demonstrated o: 7! again that our know- 
the learning of mathematics and the causes and nature 

} is still incomplete, fragmentary and. far from a theory. 
1 the group met initially a great deal «Zz time was spent in 
) evaluate each others views. It woul! probably have been ad- 
to have focussed on introducing each zspect by means of 

But it tums out that finding examples to cover different 
g. elementary, secondar;’, colleje and miversity is quite 


e 


11 camments by participants: 


Mendiger 


ated very much, that during discussicis a variety of differ- 
$ cama up, as to how an error can be ¢:fined and what role 
in thea leaming process. Depending o'; the chosen conceptual 
; different aspects coma to tha fen. 


i three different approaches, tia’: partly are overlapping, 
cclusive. 


Ley gave examples of a student, who souls solve an addition 
mentally in a non-school environment #73 sould not ds it 

;chool, neither mentally nor by using <i standard algorithn. 
ack, I think Hainrich's domains of are very suitable 
ibe these difficulties: A cognitive structure is built up 

main and by this is related to this domain and is not necessarily 
x as a successful strategy into another domain. 


situation the tasks of the teacher would be to recognise suit- 
itegies a student posseses already, to enable tha student to 
this strategy into another domain and to demonstrate the 
hip between strategies (standard algorithm - others). 


another reason why I like the above mentioned exanple given 
ys it demonstrates the relevance of the affective part of the 
process. ‘This affective aspect is - as to my opinion - one 
st. important characteristics of a domin, e.g. if a learning 
mt is supportive in a way that a student ventures to think, 
of cognitive structures from another domain is nore likely. 


her aspect cam in to the fore in Dieker's approach, that 

tal one. Taking geometrical concepts as an example 
lopment of a cognitive structure could be described. In this 
1. framework an error can be looked upan as indicator of tho 
Geveloprent. By choosing appropriate tasks the teacher is 
support the development of the cognitive structure. 


ieibie with the others. Frankly, I do not agree with David, 
ra his framework as too statics an error is defined as 
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deviation of a well defined norm systen. Moreover the occurrt 
errors has to be avoided. If this is not possible, the teacte 
intervening - has or will lead to the right way more or le: 


by 
immediately. 


This approach makes it easy to identify errors and to classif} 
but I think it is far from school leaming or learning in gen 


(b) D. Kirshner 


"In this report I foces on my ow principal intervention in tl 
Error Analysis Working Group, concerning the relationship of | 
tence models to error analysis. The thesis consists of the f 
campanents: 


1. Data available on students’ errors are (usual’y AVA, appro 
analysed through comparison to, or as deviatio..4 ...om, Co 
behaviours. © ; 


broader than the 
intermediate See th the apqcisition of competence. 
is therefore an "end point’ of a developrental process. 


3. The greater stability of campetence data pemits, in pri 
more systematic and rigorous analysis of competence patts 
is possible, independently, of error or acguision pattext 
Gominant paradigms in the 


obscurity in the boundary 
subjects, and what is reant to be trvs of a particular st 
(Vaniehn, Brown, & Greeno, 1984, p.236) 


4. More productive error analysis (i.2. more genralizable a! 
may have to attend the mora modelling competenc: 
that case, error analysis may serve @ new, subservient n 
to the evaluation and verification of competence modsis. 


(c) H. Gerber 


conference «was an excellent one, well-organized and wit! 
led ry However, the session got off toa ponderously ak 
Perhaps ‘it was due to tha heterogeneous nature of the grcrip: 
the variety of biases, expectations, and concerns, that tha 
three hours were, to me at least, a waste of time. 


6 


ating cama alive at the start of tha second session with your 
38, confirming tha theory that we should introduce a topic 
Problem that interests the audience. Fram that moment, and 
ma when the francophones began to speak, our session was first- 


, the sessions opened a whole new aspect: of teaching. I began 
srstand the problems, the terminology, and the present limita- 
m our understanding of errors. Moreover, I now have a biblio- 
on which to begin. The next time I sea you, I intend to 
ipate in such a meating in a nore intelligent fashion. 


ited an example. Lat me remind you of the one I gave. the 

2 Of the examination scores 22/30, 15/20, and 5/8, on tests 
calculated as (22+15+5)/(304+20+8)=42/7%. My son thought that 
is tha sama as the old tage averuga. In that case the 
» of 60%, 70%, and 80% is (60+70+80)/ (1U9+100+100)=210/300= 
70%. This confusion led him to believe that if his cum- 
average after 3 months was 60%, and he got 70% on his next 
tion his new average would ba 65%. Ha was bright enough to 

| error as scon as I pointed it out to him." 


8 the second working group in five years that I have attended 
subject of errors. ‘The first ona in 1980 focussed on results 
n tests and examples of remediation. ‘This time we tried to 

on tha value cf errors in cognitive analysis. I note that in 


B 
B 
: 
g 
Hl 


the interests of the participants and perhaps arrange that 
pants bring one or more examples of errors for discussion." 


4 
ticles 


sburg, H.P., 1983, ‘Cognitive Diagiosis of Children's Arithmetic’, 
Bergeron and 


in J. C. 


sell, R.L. and Gi 7 H.P., 1984, ‘Coqitiva Analysis of 


hildren's Mathematics Difficulties’, Cognition and Instruction 1(2), 


pe 217-244 e 
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Matz, M., 1980, "Towards a Computational Theory of Algebraic 
Competence, The Journal of Mathematical Behaviour, Vol.3, k& 
pp. 93-165. 


Byers, V. and Erlwanger, S.H., 1984, Content and Form in Mather 
Educational Studies in Mathemtics 15, 259-275. 


Byer: . and Erlwanger, S.H., 1985, ‘Memory in Mathematical 
ieoudin', Educational Studies in Mathematics 16, 259-7 


Davis, R.B. et al., ‘1982, The Roles of “Understanding” in the 


of Mathematics. Part Il of the Final Report of thé 
eae Science Foundation, April 1982. 


(b) Assortment of books, 
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WORKING GROUP B 
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LOGO 
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ACTIVITIES FOR THE 
HIGH SCHOOL 


SROUP LEADER: 
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Appendix 


i i les of LOGO- 
appendix contains three examp L 
se vinies for etal gh pean the gel 
relates to the topic of Pa c ‘ 
tion through the | 
varying levels of sophistica erat 
dary). The secon 
(elementary and secon Taiciaie and can 
to the topic of Least Common ' Baga 
i ior and intermediate level 
on eee ity, relates to teaching abeur 
and the circumference of a circle (intermedi 
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of Group 'B': [LOGO 

‘Tha Group spent most of its tims in examining and evaluating 
several 10G0 inspiied investigative situations which had strong 
Links to the math curriculum. This was a follow up to last year's 
Froup (Working Group ‘A: LOGO and the math~curriculum) in which the 
consensus emerged that tha availability of such explicit 'microworlds’ 
represents the best strategy for having 10G0 accepted and used by 
most teachers. It is an approach taking the path of ‘minimal re- 
stance’ since it calls on no special programing expertise by tha 
eacher, nor does it require a major perturbation of the existing 
‘Lassroam satup or the existing curriculun. This is not an argument 
gainst other possible implementations of LOGO in‘tha school, includ- 
ng a more inclusive Papertian vision of a fully implemented L0GO 
urriculum. Rather, it is based on the pragmtic realisation that 
he acceptability of LOGO to most teachers will ba based, rightly or 
rongly, on their perception of its relevance to what is currently 
aught. 

Aside from an enphasis on specific math Content, last year's 
‘oup employed other criteria which were intended to reflect the ad- 
intages Of LOGO-based environments. ‘These included: modifiability, 
‘tensibility, the possibility of usars writing their own procedures’ 
a following several lines of inquiry, etc. (sea last year's report). 
. the risk «/ w oversinplification, wa can say that two general 
pes of situations were examined during the three days. The first 
pa comprised those situations created specifically to enhance a topic 
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within the existing math: curriculum. The second type conpr. 
uations whose underlying math: concepts are not traditional. 
but yet seem accessible to students because of the graphical 
ties afforded by the canputer. : 

Gary Flewelling of the Wellington County Board of Educat 
duced many examples in which LOGO was used to generate “inve: 
situations" connected ta topics in the math curriculun. ‘ity 
included investigations involving fractions, vectors, motion 
acceleration, trig functions and statistics (see the appendi 
somes examples). These were viewed by the group, which discu: 


‘they could be modified, or extended to allow the user more o 


Denis Therrien of Universit& Laval also demonstrated sa 
Packages which dealt with number concepts such as divisors, | 
conposite, odd/even numbers, etc. 

A. Senteni of U.Q.A.M. demonstrated a non-turtle 10G0 m 
that of variations on Conway's Game of Life (designed by B. 
of L.C.S.I.). Here members of the group discussed briefly wi 
this kind of situation is only for 'buffs' or whether such a 
gation could be used to laumch into some important math. con 
such as 'state', ‘action on states’, ‘stability’, finite and 
‘orbits’, etc. , 

Finally, the possibility of using LOGO to investigate 1 
Processes was discussed. are tha quouy thosahk cue Keveral 
limiting behaviour which could be exhibited geonetrically: | 
shapes (e.g. circle as a limit of agenal; limiting points ar 


of inspirals, numerical Limits (e.g. ratio of perimeter to di 


n-gon) and fractals using recursive procedures. 


Members of the group: 
R. Blake (U.N.B.) 
G. Flewalling (Wallington County Board) 
3. Girard (U.Q.A.C.) . 
J. Hillel (Concordia) 
B. Kastner (S.F.U.) 
H. Kayler (.U.Q.A.H.) DESIGNS FROM LETTER PATTERNS 
T. Kieren ie of — (Using LOGO procedures) 
E. Lepage (U.Q.A.R. ; ; 
A. Senteni (U.Q.A.M.) 
D. Therrien (Laval) 
C. Verhille (U.N.B.) 
D. Wheeler (Concordia) 


Develaped by 


Gary Flewelling 
Hathematics Consultant 
Wellington County Board of Education 
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DESIGNS FROM LETTER PATTERNS 


MATH 
3 Letter Patterns 


Properties of 2D 
Designs 


START UP INSTRUCTIONS 


|e Load LOGO into your computer (see pin up card #1) 
» With Plewelling disk in drive, type 


READ “LETTERS 
js When the LETTERS file has been read in, type 
LETTERS | RETURN 


OU WILL BE ASKED TO RESPOND TO ONE OR TWO INSTRUCTIONS, 
i, 


you have responded to che instructions on the screen, 
iphabet keys you asked for will be activated. 


sh letter is typed in, it will appear in the upper 
sortion of the screen. 


ition, a larger version of the letter will appear at 
‘aan. (see below) 


HALOS STR 
ELT XPRESS TLIV 
leh X SE 


additional letter begins to be drawn where the previous 


' stops being drawn. ‘This gives rise to a large number 
ter designs. 


ery simple single-latter patterns will generate designs. 
e@low) 


aAAa BBB 
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+ More complicated designs result from using two or | 


ABABABABABABAB 


- %I£a key is hit in error and you_wish to remove the 
from your design, just hit the [=] key. I€ you wan 
several letters, hit the [=] key several times, 


« If for any reason you want to blow up or shrink a 4c 
‘ hit the key. 


You will be asked, “What scale factor?" If you_war 
its dimension, for example, respond by typing [2] [R 
Had you wanted to shrink it to half size you would 
by typing [25] [RETURN] 


To get back to original design size you must hit th 
respond with a scale factor iy faeratny. 
Below is the 'ABABAB! dasign blown up using a scale 


ABABABABABABABA 


Hit the (®] key to erase the screen and start over | 
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e.g. 2 


CECE 


ter patterns need not be set ouc on just one line as above. 
dimensional array of letter pattarns can also be createc, 
an in achiaved by preaaning tha key at the and af cach 

e of letters in the array. 

ing ARTIARTIARTIARTI for example, would giva the letter 


tern and design shown below. 


igns can be printed onto paper following the instructions 


‘pin up card #9°,. 
‘ew sample print outs are shown on the next page. 
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PAX tr 
ee 
uz 
il 
- oy 
sf 
HELP 
HEL 
HEED +e 
PIZ 
ae 
PIZZA 


* See the supplement ‘wHar CAN I D 
: O WITH 
for ideas on how to utilize these designs _— 


NOTE: Should Somethinc go wrong, for whatever rea 


Want to start over again, hold th [CRTL] 
down, together, ana type in LETTERS RETURN] 
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LCM 
(Using LOGO procedures) 


Developed by 


Gary Plewelling 
_ Mathematics Consultant 
Wellington County Board of Education 
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LEAST COMMON MULTIPLE 


MATH 
Multiples 
Least Comnon Multiple 
Lowest Common Denoming 
Common Factors 
Coprime #'s 
Composite 4's 
Properties of 2D desic 
as gear ratios 


START. UP_ INSTRUCTIONS 

1. Load LOGO (see pin up card #1) 

2. With Flewelling disk in disk drive, type, 
READ “LCM [RETURN] 

3. When LCM file is loaded, type, 


BEGIN 


- You are first asked to type in the coordinates of the cen 
and radius for each of two circles. 
I would suggest, in the beginning, typing, 


0 0 {RETURN} and 
125 [RETURN 


for the first circle, and 
0 O [RETURN 


60 [RETURN] 


for the second circle. 


(Keep the circles within the screen dimension shown above. 


+ You are then asked to input two natural numbers. Initial! 
should consider using one digit numbers. Wad you typed, |! 
example, 8 [RETURN] and then 6 {RETURN] you would see, on 
screen, eight points on a largs out circle and six points 
an inner circle. (fig 1) 


fig 1 
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ocedures will cause the first peint of circie one (C1) 
joined to the first point on circle two (C2), then the 
| point on Cl to be joined to the second point on C2, 
Two coloured disks will appear on the points heing 

|}. (fig 2 & Eig 3) 


L : | 
. ? 
8 é f 
e 7 
bs cS Fig 3 e { 
q ay ‘ 3 e 
s 3 \ 
: ‘ ° ‘ oe 
F ‘ 
; : 


ov, 


se 


in control the action on the screen (type [S} RETURN] ) 
, the procedure run continuously(type 1h eee 
and will activate the key. Each time 


hea pressed another pair of points will be joined. 
| shows result of pressing five times) 


above ‘txample, it will be noticed that the design 

be compiete (fig 4) until 24 pairs of points have been 
1. In this time, the disk on C1 will have made 3 trips 
| Cl and the disk on C2 will have made 4 trips around 
«8. J sets of 8 points were joined to 4 sets of 6 


fig 4 


e action been run continuously, you would see the two 
Eun around their circular tracks, with the disk on Cl com- 


g 3 laps in the time that the disk on C2 completed four. 
touching 24 points) . 


ints loudly of the following 


1,2. 4xl o axt 4 1 3 
6°68” 4x6 * 3x8 7 3g * Bq = Cte 


a gear with 8 teeth turning a gear with 6 teeth 


4 is the “least common multiple" of 6 and 8. 
Ncepts can be introduced with this package. 
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Students should he able to 


: : predict strain behaviors an 
comes given any two inputs. 


e.g. 1 Cl: 8 points and C2: 5 Roint:s (Eig 6) 

e.g. 2 Cl: 8 points and C2: 4 Points (Eig 7) 

e.g. 3 Cl: 8 points and C2: 8 Points (fig 8) 
fig 6 fig 7 


Natural numbers up to 100 crn be entered (too large a n 
will result in an “out of ne-mory* error), 


To print completed designs (fig 9-13) from to Screen to 
follow these instructions. 


1. Have Flewellinag disk in disk drive and printer 'ON', 
2. Stop LCM procedures with and keys held deo 
together. 


3. Press [P] key and the key. 


(Figures 9-13 had both Circles centred at (0,0), 


of the screen.) “weiee 
fig 9 Cl: 4 fig 10 Cl: 67 fig 11 3 
C2: 50 02: 2 : ca: 
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fig 12 Cl: 68 fig 13 C1:40 
1 


C2: C2:30 


fig 15 


Cis: (0,50) r=60 
C2; (0,-60) r=50 
i's 90 and 3 


t's” 27 and 72 


fig 16 
Ci: (0,50) r=50 
C2: (0,-50) r=50 
t's 80 and 40 
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Ci: (0,50) r=75 
C2: (0,-50) r=75 
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. ‘Things other than LCM's and gear ratios can be inves 


Qi. ltow do successive segments vary in length? (coul 
measure each off screen and plot a graph, pair bt 
v.s. length in mo) 


Q2. Can you predict design characteristics given val 
inputs? (e.g. Cl:16 and C2:12) 


Q3. Given design, can you determine input values? 


Q4. Are there characteristic differences in designs 
inputs: 
a) are a multiple of the other (e.g. C1:24 and C 
b) share a common factor (e.g. C1:24 and C2:8) 
c) coprime (no common Factors) (e.g. Cli7 and C; 


QS. Ace there characteristic differences between des 
Clsa, C2:b and Clsb, C2:a? 


NOTE 1: 


NOTE 2: 


NOTE 3: 


NOTE 4: 


NOTE 5: 


prolonged use of the (] key to step out a de: 
result in an “out of memory" error. At this 
design can be completed by typing DESIGN [RET 


The procedure is pot self-stopping. You must 
[entL] and [G] keys down to stop the drawing | 


To enter two new numbers without changing the 


osition of the two circles, type, 


LCM [RETURN 
To start with two new circles, type, 


INFO 


Should anything gowrong, for whatever reason 
down the and [G] key then type, BEGIN 


Make sure the Flewelling disk is in the disk 


CIRCLE ACTIVITIES ee vo ” 
MATII 


TU, SEAT. Activity 1 a ara ica sevevecccnececccccescuccencccscecscsectsscocssccscetcasscuscescccuccuatans 
' Activity 2 circie designs 
wan” cers ie WORKING GROUP C 
+ Activity 3 ciccular arca 
PYTTTILITTTT LL tl 


designs eecccecccecs 


nn en et 
Activicy 4 


aircuslaceane 


tT AND THE CURCUHPERCHCE FORMULA) 


doer three things. ecccccnececcccetececccccccccsccccccccnceccccs Seecscetenscocnsssteccccsssasenecsgccesesegcucsees soccee sesseassouve 
ey 


cage a vey of appronimatiog © 004 sasy ciecuntarence. ' IMPACT OF SYMBOLIC 


eo usor @ @athod for working ouc a ¢ 


oced Om Pr fi t draws regular 
ris a Pe ure tc the PI fe thac . 

eo used in Activity }. Tha 
ac dike che Lyd procedure e 


: i4 onca the po 
a re pee centre cf the lase Side drawn. turns inwards Ec 
" pulsos tho diraction ic is pointing an. 
S$ etc.) and hic 
now anter a command like pO 2 lor } or i 
id til you get to the oppoeite 
(aeroay) lar trait a AY a measured the polygon’s width 


on } 
ee ene number of steps caken x2 (or tor ete.) 


gato how the width of a specific regular polygon TEACHING OF. CALCULUS 


s to its periaocter. 


PTTTTTTITIVITLIT TTT ttt thts 


| ae fo" 

7} f ye — : 

3 Ly J 7 * GROUP LEADERS: 
BERNARD HODGSON 
FRIC MULLER 


gular POlygon (regardieee of eize) hae its own peculiar 
1c (arrived at be dividing ice parimator by ice width). 


Constant 
p/W 


bygon Perimeter Widcth 


pmaputer to do arithmecic Galculation, just enter 
tec/width (RETURN) ) : 


na thac che perimeter of a reguler polygon can be 
niapty by working out the anewar to 


width of polygon x polygon constent 


me weird way of celculeting a perimater. Normally, 
uld juet take the length of one eide and multiply by 
mber of sides. And yat, ic fe a wey of working out 
ter thets worth getting ueed tol 


he regular polygon becomee e circle, you have no 
but to uee 7, 6 
wideh x circle conetant i! 
e more familier with the usuel way of writing this formula. 
Circumference of a circle = diameter x pi 


O- 
ERIC 


symbolic Manipulation Software on the teaching of Calculus 


les Logiciels a Calculs Symboliques sur L'Enseignement du” 
Ferentiel et Integral : 


Working Group C 


ticipants and Acknowledgements 
ort ~ Eric Muller 
tated Bibliography - Bernard Hodgson 


- Gilbert Morin - A useful introduction to 
muHATH. 


- Charles Latour - Part A - an excellent 
. description on how muMATH was used to 
solve the curvature of light problem in 
general relativity - Part B - discusses 
the inportance “du calcul® or “general 
computational skills" in mathematics. 


andix 1 


andix 2 


= Noelange Boisclair - raises some general 
questions regarding the use of computers 
in calculus courses. 


andix 3 


- Edgar Williams ~ provides an extensive 
list of potential benefits which one 
can gain by using asymbolic manipulation 
software in teaching mathematics. 


andix 4 


- Dave Alexander ~ raises a number of 
questions and suggests a sequence for 
teaching differentiation with Symbolic 
Manipulation Software. : 


andix 5 
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Leaders: 


Participants; 


Acknowledgements: 

and Wainwright from 
spent considerable 
the introductory ca 
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Bernard Hodgson 
Eric Muller 


” Dave Alexander 


Tasoula Berggren 
N&elange Boisclair 
Gila Hanna 
Charles Latour 
Fernand Lemay 

Hal Proppe 
Ghislain Roy 
Robert Saaly 
Bernard Vcnbrugghe 
Edgar Williams 


(Université Laval) 
(Brock University) 


(Ontario Ministry of 
(Simon Fraser Univer: 
(Cégep Montmorency) 
(OISE) 

(Cégep F.-X. Garneau) 
(Université Laval) 
(Concordia University 
(Université Laval) 
(Mount Allison Univer 
(Université de Moncto 
(Memorial University) 


The leaders wish to thank Professors Dicke 
the University of Waterloo. These three 


time explaining the Maple System, its firs 


Iculus course and the use of computers in 

ductory Linear Algebra course. The warm welcome t 

Waterloo end generous contributi Sleek tne 
The group expresses its thanks t 
Universite Laval, for preparing 


on of their time is much appr 
0 Gilbert Morin, an undergrad 
documentation on the use of m 
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Report 


this report the terms Symbolic Manipulation Software (SMS) 
Computer Algebra Software (CAS) are assumed equivalent. 
y refer to software which manipulates algebraic systems, 

§ rational arithmetic and can perform calculus operations. ) 


group started by spending three hours obtaining first hand 
ca of the muMATH software in the Laval Mathematics Department's 
puter laboratory. The group followed a set of instructions 
d by Gilbert Morin - a mathematics undergraduate at the 
te Laval (see Appendix 1). 


arge number of shortcomings were found during this three hour 

the must serious of these being that wrong and incomplete 
were produced on the screen without comment. The general concerns 
roup is that this particular software is not yet in a form 
ntly consistent and correct to be used in or with a first year 
The group is aware that such software as MAPLE and MACSYMA have 
“More widely used and tested 27.) that they do not contain some 
hortcomings of the muMATH. At present both MACSYMA and MAPLE 
larger compyter systems to operate. Nevertheless it is the opinion 
rs in the field that both MAPLE and MACSYMA will be available on 
/micros very soon. The group therefore was looking ahead to times 
ted and powerful (computer algebra) symbolic manipulation systems 
readily available. Part A of Appendix 2, by Charles Latour, is a 
arly good description of the experiences of an individual using 
or the first time to solve a specific problem. 


the end of the first session participants were asked to think | 
e impact of such systems on mathematics and to prepare a list of 
concerns, etc., which could be studied and developed by the group. 


following list was drawn up at the beginning of the second session: 
tot 1a order of importance) 


Develop problems (examples) particularly suited to solution using 
symbolic manipulaticn software. 


Develop guidelines for the use of SMS systems as a check to one's 
work. 


Determine whether an SMS system permits the introduction of more 
advanced ideas at an earlier stage, f.e. order within curriculum 
when SMS system is used - 


Discuss the use of such systems for non-university bound students. 
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9. 
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Identify either 


a) “routine” parts of the curriculum which can be yn 
by the SMS system and which have in themselves no 
towards achieving the aims of the course 


or 


b) isolate the important parts of the curriculum whi 
enhanced by, but not replaced by, the use of an S 


Guidelines on how to use the SMS systems as a means f 
exploratory development of mathematics 


Isolate those skills which are necessary for using th 
sensibly:- 


(a) Estimation 

(b) Sense of reasonableness 

(c) Knowledge of concepts 

(d) Are the procedures ysed in testing algorithms us 
testing solutions from an SMS package? 


(e) Use of graphical techniques as a check of reason 


How much should one know about the algorithms and the 
language used in such packages? Do these algorithms 
languages give any insight into the the mathematics? 


What properties should an SMS system have in order fo 
useful in education (as opposed to a pure research to 
capability to show intermediate steps etc. 


The group then decided to isolate one topic within the differe 
and integra} calculus and to discuss the use of SMS systems in 
of that concept. - Without making any statement as to when or w 
a calculus curriculum “limits” should be taught the group deci: 
at the possible impact of SMS systems on the teaching and lear 
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S Systeis uid the taachtue of Limtts 


IS systems do not Provide a rich environment fur tha teaching of 
cept of limits. These systems can ba usad zo simplify complicated 
ic expressions but generally numerical proceJures provide a 
medium to motivate intuitive ideas of limit concepts in calculus, 
s of the type >. A useful numerical software packaga would have 


screen displaying graphical values on one side and algebraic 

ntations on the other. The plotting of function values should be 

; $0 that subsequent values appear one at a time. It should be 

to enlarge any interval of values so that intervals which initially 

y small could be enlarged to fill the whole graphical portion of the 
Such software would be used to present simple cases in class ani 

Vlow students to explore many different functions which are normally 

essible because either the student lacks the algebraic techniques, 

computations are extremely tedious. 


ce the concept of limit is understood SMS systems should ba used 

vate the laws of differentiation. Every effort should be made to 
the derivative as a dynamic concept and not a numerical one. SMS 

@ allows quick access to more meaningful applications and to the: 

ction of differential equations which provide life to the derivative. 


S systems and the teaching of Integration 


en discussing integration techniques -- algebraic integration 
res -- two disparate points of view are expressed: 


) Too much time is spent on integration techniques both in class 
and student assignments. These techniques tend to dominate the 
use Of the student's time and mastery of these techniques does 
not translate into a better understanding of integration. Some 
argue that we can now dispense completely with integration 
techniques as they are largely algebraic manipulations which 
shed no new light or insight on the concept of integration. 


) Integration techniques are a necessary part of any calculus course. 
A student faced with a particular integral is forced to consider 
alternative procedures for solving it. There is therefore a 
certain openess or trial and error situation. It is one of the few 
areas where students apply the algebraic skills they have acquired 
in school mathematics. 


up believes that the following points are sufficiently significant 


ey can form the basis of further thought and study in the use of 
tware in calculus courses. 
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When technology is availst:i2, course content, lecture pre 
and student activities siioutu shift to higher mental acti 
Can calculus courses learn ‘rom the siatistics experience 
statistics courses spent many Hours on simplification of 
involving sums of squares and cross product expressions. 
“good" for the students as they obtained experience using 
notation and manipulation of indices to change the concep 
definition to the effictently calculable form. This is r 
now and more time is spent on the statistical concept and 
when and how to apply it. Is the calculus curriculum so | 
established that it no longer has any flexibility for cha 
way to review the Calculus curriculum is to firstly isola 
concept: which are essential to calculus and secondly to 
curricujum with supporting activities restricted to those 
the concepts and give a deeper understanding of calculus. 
that SHS softssre will play a major role in such support 
Many students presently complete a calculus course and are 
‘integral tables. They have a very limited experience of - 
techniques and many are unaware that the integral of the » 
functions do not have closed analytical forms. Hopeful ly 
ware will change this situation and will place students {1 
experimental situation. 


A reduced emphasis on algebraic manipulation in calculus ¢ 
fave a major impact on school mathematics courses as much 
algebra is directed towards preparation for calculus cours 


It is clear that unviersity mathematics professors involve 
year calculus and linear algebra courses have a lot to learn re 
use of SNS software in these courses. It is imperative that th 
are experimenting with the use of such software in their course 
their findings. It is important that experimental use of such 
well documented so that others can repeat these experiments in 
Settings. Either one of the leaders of this working group woul 
receiving such information and to circulate it to interested in 
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ANNOTATED JIBLIOGRAPHY 


R.F. Gesmus, Ire, 


i." Amor. Hath, Honthly 92 


(1986) 13-214. 
An axzaexphe of ai "“corcoptual probZen" (the 
existences of «© ) shoving tho inportence of 


change of wariebles anil 
in studying iutagration.~ 


jutegration by parts 


Collins 2nd BR. Loos, 


Corker Algebra: dygbolic and Algebraic 
Commatabian. Springs. -Varleg, 1983. (2nd ead.) 
First o€itéon iseaed os a Supplesentun to the 


Journos! Gomevtir7, (1982). A dasic book 
containing #2 400n survey articles (with 
extensive rafijances) eabuvt tha theory end 
inplersontation of symbolic mathematical 


syste (the su-cadled “computar algebra"). 


J.t. Soy, ed., VYorruting ang Matheuutica: 
The Jppqet on Becendery Schoot Curricula. 
NCTM, 2984. 

Report of a confararan syunsored by ‘NS¥. Of 
particulnr interest are the cheptora “Ingact 
of canputing on algebre™” and “Tanact of, 
computing on cardcuflus". 

B.W. Ards.a, ed., {bat can bo cutomgted? MIT 
Press, 19%, ‘ : 
The Vampuser Gcdence sad ZrgAneering Research 
Study... & bugs weport (nearly {800 pegesn!) on 
sll aapirts of computer science. Pages 612-526 


give a shore introduction to algebraic 
manipulatiya. 
&. Coxtcrd, “School algchra: what is still 


fundamental, end whet is not." 
pp. 63-84. 

"the puss to incorporate aymbolic mathematical 
ayeatess in «algebra ic questionable beceuse we 
ere not sure of the relationships between 
procedural knowledges end skill and -the 
ucdarsatanding of algobra. (...) 1 predict that 
nore procedural knowledga will be needed to 
learu algebra than zany would believe." 


In [NCTM.YB 85] 


J.H. Davenport, “Effective smathonmatics —- the 
computer oalgabra viewpoint.” In Constructive 

atics, PF. Richman, od. Springer-Verleg, 
1981, pp. 31-43. (Lect. Notes in Maths, no. 
873.5 


An introduction to the theory underlying 
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symbolic methemetical syatoms. 


R.J. Fateman, "Symbolic and algebrei 
programming systens." Proc.  ICHE- 
Birkhaliser, 1983. pp. 606-612. 
A mini-course on symbolic and 
ccuputer programming syatenus. 


J.T. Fey und R.A. Good, “Rethi 
us ance and Priorities of hi 
.athcsetica curricula." In (NCTM. 
1-62. 


sagall numbor of familiar end 
wuthemetical ideas ere at the hear 
common applicationr (...) A etuden 
by ({s symbolic methematical oyster 
exrdure a long skill-building appr 
in order to become an effective 
aclver ~- if the key organizing co 
well understuod."” | 


M.K. Heid, “Calculus 
tions for curriculus 
Toacher"™ 11 (1983) 46-49. 
A condensed version of 
in (CGMP & MATH 84). 


with wuNATH 
refors," 


sone issues 
B.R. Hodgson, B&B. Muller, J. Poland a 


Taylor, “Introductory calculus in 
ESTBASBOURG 86) pp. 213-216. 


“We propose weys in which the in 
Calculus curriculus might respon 
receat and rapidly changing compute 


ces." Discussion 
contextual approach, the qualitativ 
of functions in mathematical modell 
interactive modo of clasasroos teachi 


stresses the 


B.R. Hodgson and J. Poland, "Revampi 
gatherwatica = curriculus: the inf 
computers." CNS Notes 16(8) (1983)17 
Outcome of working groups at 

wpestings of 12932 and 1983. Raises th 


of the relevance, in the contex 
actual computer revolution, of xm 
coursea taught in the treditio 


Proposes scenarios vf reasonable so 
the changes needed in undergraduat 
tics education. 


J.H. Hosack, "The effect of comput 
syetoems on the curriculus,." Prepr 
Collage (Waterville, MB), 1985. (5 p 
A general discussion regarding t 
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syabolic sathenatical systems in early courses 
(see also [LANE 86]] for a presentation of the 
Colby Curriculum Project). 

J.M. Hoteck, "A guide to computer algebra 
systens.” Preprint, Colby College (Water- 
ville, MB), 1%36. (46 pages) 

A comperison of the capecities of MACSYMA, 
Maple, muMATH, REDUCE and SMP. 


J.H. Hubbard and B.H. West, “Computer graphics 
revolutionizes the teeching of differentiel 
equations." In {STRASBOURG 85] pp. 29-36 
(Supplement). 

Illustrate the use of interective high~resolu- 
tion graphics for the (early!) teaching of 
diffareantial equations. - 


"The influence of computers eid informatics on 
mathematics and its teeching.” (An ICMI 
discussion document). [’ enseigneowent mathénq- 
tique 30 (1984) 169-172. 

ths discussion document prepered for the ICMI 
Symposium held in Stresbourg in March 1986 


. (see (STRASBOURG 85]). An expanded version of 


this paper, as well as a selection of papors 
submitted to Strasbourg or written by invita- 
tion following ths meeting, will appear in the 
Proceedings of the Symposium, to be published 
by the Conbridge University Press. 


J. Keneally, P. Henry and C.0. Jones, "The 
advanced placement progran in calculus." In 
(NCTM .YB 86] pp. 166-176. 

Sone of the topics of the maths curriculum 
should not be treated with the computer. The 
authors make a perallel with machine transla- 
tion of natural iengeges: "Here, the computer 
is very capable with sechanicel substitutions 
but ths rich subtleties are lost.” 


D. Kunkle and C.I. Burch, “Symbolic computer 
algebre: the Cclessroomp computer tekes a 
quentum jump.” Mathematics Teacher 77 (1984) 
209-214. 

Tllustrates the use of muMATH for finding the 
sun of j®(jrl,...,N) for different velues of 
k. 


K.3. Lene, “Symbolic manipulators and the 
teaching of college mathematics: some possible 
consequences end opportunities.” Preprint, 
Colby College (Waterville, MB), 1985. (13 
pagea) 


MAA. PANEL 84 


MAPLE 84 


HOSES 71 


NCTH.CONF 84 


NCTM.YB 84 
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Deacription of the Colby Curric: 
integrating symbolic mathematical 
the college curriculus. A conde: 
eppears in (MAA. PANEL 84]. 


M.J. Siegel. od., Panel on Diacge 
tics i the irst Two Years | 


Report). MAA, Nov. 1984. 

Included is a short "Report cen 
aymbolic mathematics systom in u 
instruction” by J. Hosack, kK. |! 
Snall. 


B.W. Cher, K.0. Geddes and G.H. 
introduction to Maple: semple 


‘sassion.”" Research Report CS~-84~-04, 


of Computer Sciense. University oa: 
(16 peges) 

An introduction to what can be « 
aysbolic mathemetical system, usin: 
Meple currently under developna: 
University of Wetorloo. 


J. Moses, “Algebraic sinplificet: 
for. the perplexed.” Con Cc 
527-637. “Symbolic integration: 
decede." Comm. ACM 14 (1971) 548-5 
Two papers from the Second §: 
Symbolic end Algebraic Menipula 
excellent expositions, elthoug! 
deted, give e lot of informetia: 
way computers can manipulate =  aymbs 
sions and find antiderivativ. 
preparation for the reading o7 
technical [BUCHBRRGER 8&3]. 


M. &. Corbitt and J.T. Fey, TI 


computing technology on school : 
(Report of an NCTM conference), 
(65 peges) 


A brief report from a conference ht 
1984. [Includes reconmmandations re 
impact of computing technology on 
instruction end teacher education. 


J.Fey and M.K. Heid, “Imperatives | 
lities for new curricula in seca: 


mathonatics." In Computers gp 
(1984 Yearbook), V.P. Hensen and 


“ed. NCTM, 1984. pp. 20-29. 


Similer in spirit to (H&ID 83 
MATH 84}. Stresses “topics o 
importence” and “topica of contiau 
ce”. (The whole 1984 Yearbo 
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81 
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27 papar = i:sided in five parta: Iasuea; The 
computer 3 toaching aid; Teaching mathena- 
tics = th. % programming; Diagnestic uses of 
the usee: .+: Bibliography.) 


C.2. '. uh and M.J. Zwong, ed., The Secondary 
Schum. wpthematics Curricujuy (1985 Year- 
beok}). HCY4, 1985. 5 

Of spcciai intarest to symbolic computations 
are the papers (COXFORD 85), (FEY & Good 85], 
(Z8NGLiY BT AL. 85) and (RALSTON 86). 


A.C. Norman, "Algebraic sanipulation." In 
Bncyclopedja of Coypy cjence a Engineae~ 
ring, A. Ralston et al., eds. Van Noatrand, 
1983. pp. 41-50. 

A quick overview 
manipulation systens. 


of different symbolic 


J. Poland, “Computers and the impending 
revolution in mathomatics education." Ont, 
Math. Gaz., 23(2) (1984) 26-29. 

A frosb discussion of some of the issues 
raised by the presence of cosputers§ and 
symbolic manipulation syatonus. 


A. Ralaton, "The raally uew college mathena- 
tics and its impact on the high school 
curriculus.” In [NCTM.YB 86) pp. 29-42. 

What changes should occur in the high school 
curriculum as a result of changes in the 
college curriculum (vg the role of discrete 
mathomatics) and the direct impact of compu- 
ters technology (vg symbolic wsathematical 
systems) on the high school curriculun. 


RL: Rand. Computer Algebra it, upppied 
Me* hay cg: oduction to ASSYMA. 


Pituan, 1984. 

An introduction to the uge of syslolic 
manipulation systems (viz. MACSYMA) in higher 
maths. (“This book is aimad at a reader who 
has had at lecet three years of college level 
calculus and differential oequationa.") The 
syntax of MACSYMA is leeresd while working 
sone examples. Contains a sw exercisea witk 
detailed solutions. “It is oexnectad that it 
will not be long before computer algebra is as 
common to an engineering student as the now 
abaviate alide rule once was.” 


R. Pevalle, M. Rothstein and J. Fitch, 
"Computer Algebre:* Scient, Amer., Dec. 1981, 
pp- 236-162 (Versien francaise: "L'ealgdbre 
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SQUIRE 84 
STEEN 81 


STEWART 84 


STOUT 79 


STOUT 83 


STOUT 85 


81 


informatique.” Pour la science 
pp. 90-98.) 

A smost influencial paper in nua 
manipulation systems known to 
(acientific) public. 


SIGSAM Bulletin 18(4) and 19(1) ( 
A opecial issue of the Bull, 
"Special Interest Group on Synb 
braic Manipulation" (SIGSAM) 
Contains papers from the session 
mathematical systems and their e 
curriculum" held at ICME~5, Ad 
Sixty-two pages of interesting : 
of the papers report on experim 
high school or university. 


W. Squire, “suMATH syates offec 
algebra." SIAM News, Nov. 1984, p 
"The situation may be described 
tial revolution waiting for a tex 


L.A. Steen, “Computer célculus." 
119 (1981) 260-261. 

A short presentation of symbolic 
systems. 


I. Stewart, Review of [BUCHBER 
Intell., 6(1) (1984) 72-74. 

Some comments on the general q 
the computer, with its synbolic 
capability, put all smathesatic 
business ? 


D.R. Stoutemeyer, “Computer symb 
education: a radical proposal." 
13(2) (1979) 8-24. 

An interesting discussior of 
symbolic manipulation systems in 
of nmatheszatics. A reviaed a 
version of this papes has appoare 
85), pp. 40-53, under the titl 
proposal for computor algebra in 


D.R. Stoutemyer, “Nonnumeric comp 
tions to algebra, trigonometry a 
Two-Year Col}. Matb, J., 14 (1983 
A general introduction to syxbo 
tion ayateus. Mentions somue ap 
abe* att algebra. 


D.K, Stoutemeyer, "Using compu 
meth for learning by diasacovery 
BOURG 85), pp. 155-160. 


| 86 
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Sone nice suggestions of projects uaing 
computer algebra for math discovery. 


The enc of Com ormetics o 
ethen cs ta eec - Supporting 


papers for the sysposium organiged by ICMI. 
Strasbourg, March 1986. (256 pageg plus a 
Supplement of 52 pages). : 

Tha fapers prosented by the participants to 
the ICMI syzposiua. A new edition of those 
supporting papers is to be published by the 
IBEM of Strasbourg. Copies can be ordered 
from F. Pluvinage, Département de sethémati- 
ques, 7 rue Roné—Descartes, 7684 Strasbourg 
Cédex, France. The price is Fritsd, 


D. Tall, “Undarstending the calculus.” Math 
Teaching No. 110 (March 1985) 49-53. 

How to use the graphical capabilitias of the 
conputer to illustrate basic concepts of the 
calculus. Sea also, by the sasze author, 
“Continuous mathewatics and discrete computing 
era complementary, not alternatives", Coll. 
Math, J. 16 (1984) 389-391 and "Visualizing 
calculus concepts using a computer", in 
{STRASBOURG 86] pp. 203-211. 


Z. Usiskin, “Mathematics is getting easier." 
Math. Teacher 77 (1984) 82-83. 

“Some skills are clearly necessary, but (...) 
too much elsa should: be learned about nathena- 
tics to waste tine in practicing obsolete 
akills. Mathenatico in getting easier [wita 
muMATH]. We will oot be able to keep thin 
secret from our etudents forever.” 


H.S. Wilf, "The disk with the college educa- 
tion." Amer, Math, Montkiy, 89 (1982) 4-8. 
muMATH ia coming! muMATH is coming: A peper 
intende as a "distant esrly-warning eignal" 
for tho wathematical community. 


H.S. Vslt, “Symbolic manipulation and algo- 
rithbas in the curriculun of the first two 
years.“ In The Future of College Methemetica, 
A. Reston aad G@.S. Young, ad., Springer-Ver- 
lag, 123%, pp. 27-40. 

Expands on the iseues raised in (WILF 82}. “It 
can ba very unsettling to reclize that what ve 
previously thought was a very human ability 
(.-») can actually be better done by "ma- 
chines"." (Algo contning a description of a 
second semester § acvhoncre course introducing 
elgorithnaa.) 
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B. Winkelmann, "%iin impact of the « 
the teaching of analycie.” Int. J. ! 
Sci, Techn. 15 (1984) 675-689. 

A basic discussion of the ways t! 
capabilitics (among others, = the 
capabilities) will influence the ‘| 
calculus. 


B. Winkelmann, "Sone remarks on t! 
of elementary calculus in the con, 
In [STRASBOURG 85] pp. 1-7 (Supplem 
“So if it seems possible to mester 
tial equations} at a sore elene: 
than hitherto was possible, tho: 
regarded es the most appropriate : 
and goal even for the teaching of 
calculua at schools and colleges.” 


D.Y. Yun and 0O.R. Stoutemeyer, 
mathematical computation." In Bncy: 
Computer Science end Technology. J 
al., eds. M. Dekker, 1980. vol 
236-310. 

A goneral diacussion of aymbolic u 
systems. Includes a guide to so: 
systema and a discussion of basic 
alternatives for building up auc! 
The last 30 pages are devoted to ap) 
algebra, nonscalar analysia, 
analysis, celestial mechanics 
relativity, high-energy physics. 
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Appendix 1 
INTRODUCTIO ‘Oo muMA 


yolic mathematics package for nicro-computérs) 


presented to the CMESG meeting 


by 
G. Morin 


Université Laval 
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BASIC INSTRUCTIONS FOR THE USE OF muMATH SYMBOLIC | 


l- 


N.B. 


Insert the DOS 2.10 diskette in the left disk 


Put the power on the video screen and on t 
(right~- side of the machine). 


On the screen will appear: "“ENTKR NEW DATE:" 

the "return" key ( ) in response; same th 
“ENTER NEW TIME: "prompt. 

Remove DOS 2.10 diskette from disk driv 
“nuMATH 1" disket in that drive and place 

diskette in the right disk drive. 


Type the word: MUSIMP on the keyboard, fo 
"return" key ( 


}s 
Press the key: (for the use of capit 
it's important), then press: . 
Following the Questior mark, type: LOAD (MU 
press the "return" key. 
You are now in muMATH. 


In ATH alwa 


end a sentence by 2» 


followed by a “return". 


A BRIEF SURVEY OF WHAT muMATH CAN DO 


Name of file 


What it does 


ARITH.MUS....ce.-se-eeeeeee rational arithmetic 
ALGEBRA.ARI.. esc eee eee eee ee Glementary algebra 
EQN.ALG.. csc ccceccccccccees OQuation simplificatic 
SOLVE. EQN... ccc cv ece so eee ce QQuation solver 

ARRAY. ARI... ce cceeveeeeesee array operations 
MATRIX.ARR. oc ces esse cceoeee es Matrix Operations 
LINEQN.MAT...c.seevcecceee ss Simultaneous linear 


equations 
ABSVAL.ALG...-..+ceeeeeeeee- absolute~value git 
LOG. ALG... cee eee eee eee eee esslLogarithmic simplific 
TRG.ALG... ce cee cee ee ees trigonometric simplif 
ATRG. TRG... cc ccvccvescescvcdnverss trigonometri 
cation 
HYPER. ALG. oe cece er ve cre vvece ehyperbolic trigonome 
fication 
DIF.ALG... sc cece ev eoceess eset ynbolic differert 


Taylor series 


INT. DIF... cc ccc sec ceseerv cece Symbolic integration 
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ENT. wc cee cee ee eee o Oxtanded symbolic intogration 

eee m wee cee ee eee eee eehimits of functions 

Ea ee tlevnccesccese ClLosed~forn summation and 
products 


face cece crv acc evense ee first-order ordinary differential 
equations : 

WE cece ccccrecnesseshighor order ordinery differen- 
tial equations 

LODE. ccc ccecsecccsee axtond = first-order ODE: methods 

poem een ncacccnceeees VOCtOr .gabra 

VEC. wer cccccrecessess-Vactor Calculs 


Want to see a demonstration of or £ the above itens, 
DS (<items’s leat nama>,<item’s 2nd name?,B); 


maple if you want to know how to differentiate with 


type: RDS (DIF,ALG,B); ‘and wait, for a few saconds. 
conds at wost.) 


ter each denonstration the following will appear:. 


Broak, Continue, DOS? 


onsider "Break" or “DOS”, just press "C" if you went 
inue with a different example or "A" if you want to 
he demonstration and do some of you own material 


the same Punctuetion and orthograph as in the demons—_ 


of coursa). 


ne “system file" named MUMATH hes been built to 

all the so-called “source files" ebove. then you 
pad LOAD (MUMATH); es indicated above, you thus have 
- the memory all the tools offered by muMA7TH. But if 
tt to see a demo, you need to type th RDS command 


* DEMONSTRATION OF muMATH 


does exect retional arithmetic. Try these examples on 
rboard. ; 


1/3; 
(1/4); 


1/4) #E* (#1 @PI/4) meening: Vd oe '%6 


1 assign an expression or a value to a "name", e.g. 
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7 TOTO: Y+3¥*X; 
@: Y+3X 


Now to see that ¥+34X is really assigned to “TOTO" 


-? TOTO+Y; NB. "&" is the multiplication symbol w 


often (but not in every case) be o 


@: 2¥+3x replace by a "space". 


Remember, you can do symbolic mathematics go it 
to handle variables who don’t have values assigned 


Here’s the trigonometric expansion function, "TRGE 
? .TRGBXPD (SIN(2#X),-3) i 


these parancters tell th 
how to do the expansion. 


@:2 cos X SIN X 
? TRGEXPD (2#COS(X)#SIN(X),30); 
@: SIN(2 X) 


If you want to know more about trigomometry on aout 
RDS (TRG,ALG,B); 


SOMB USEFUL muMATH COMMANDS 


To do: Type: 

- Secx)dx (indefinite integral) INT (F(X) 
ib 

se [ f(x)dx (definita integral) DEFINT (F 

a . 
N.B. b can be positive infinity “PINE” 
and a can be minus infinity “MINE” 

b ; 

- Z f(x) SIGMA (Fl 
x=a 


where a and b can respectively be “MINE” and ' 


- f"(x) DIF (F(X 
- df(x) DIF (F(X 
dx® 
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ay) DIF (F(X),X,N,¥,M); 


Taylor expansion of f(x) TAYLOR (F(X),X,A,N); 
it A 

oly. aqu. P(x) = q(x) SOLVE (P(X) ==Q(X),X); 
oly. aqu. P(x) = O SOLVE (P(X),X)3 


2 system of n linear equations 
sepact to x1 ,Xa,+e..Xn 


LINEQN({equl,oqu2,...,equN),(x1,...,%nJ)j 
. differential equation. ~~ SSCS 
le if you want to solve: 
(yS (xt) y'S*(x) = (Cy? *(x))2 
iS (¥(X)); 
Rs SX; : 


((¥‘+1L)ay'' *ssy° wee2-¥)s 


uMATH e2¢E (e.g. LN&B=1). 
WeSPI (e.g. SIN(#PI/2) = 1) 
i=#I (e.g. #172 = 1) 


1) is the lst arbitrary constant of an expression 
2) is the 2nd arbitrary constant of an expression 


X from being “DIFVAR" and the dependency of Y upon 


DIFVAR: FALSE; 


PUT (°Y,°X,FALSE); 
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Appendix 2 
QcEDM 1985 


Appendice nu rapport du groupe 


de_ travail C sur 


6 ogicie symboliques 


Charles LATOUR 
Départenent de mathér 
CEGRP Francgois~Xavier 


ARTIE 


(Séance pratique tenua le 6 juin 1985 sous la supe 
Bernard R. Hodguon, Bric Muller et Gilbert Morin.) 
Le document “An Introduction to muMATH" | 
Gilbert Morin s’ost révdlé fort utile et tout a fai 
Mentionnons cependunt un petit oubli a la page 4: | 
y lire au nota bene 
(e.g. # I*2 = -1) au lien de (a.g. # I*2 = 1). 
Au cours de cette session nousz avons choisi 
les “démonstration:” suivantes: 
1- LOG. ALG. sur les simplifications logarithmiqi 
n’y avons décelé rien d’ inquiétant,. 
2- SIGMA. DIF. sur les sommations et produits. 
nous avons pu faire une observat: 
peu surprenante. Pour la sommati: 
nous avong obtenu une expression de 


+ + + 


cee ie Te A A 


oe 
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Les termes algébriques de la réponse se 
ressemblant tous, les A n'étant pas des 
expressions simples ot si on y' ajoute la 
difficulté de lire les réponses sous forue 
linéaire, il aura fallu un bon sens de 
l’observation pour se rendre compte de la 
possiblité de las soustreire. Ona utilisé ia 
fonction EXPAND pour faire disparattre les A 
et récupérer la réponse la plus réduite. On 
ne s’attendait pas A ne pas aubanke: la 
weilleure réponse a l*®intérieur d'une "dénons- 
tration. C’est  d’ ailleurs un probléze 
constant dans l'emploi de cea logiciel de 
savoir si la réponse obtenue est la plus 
réduite possible. C' eat gangs doute un 
probléme de grande taille pour 1’ 6tudiant qui 
acovend et qui ne posséde donc par l’expérien- 


ce requise pour évaluer la réponse. 


ant lee démonstrations j’ai suggéré da résoudre le 


2léme suivent sur le mode autonome: de la fornule 


)» 


y = 2x2 +y2 
7 xt+yt 


trouver y'(x,y) et y"(x,y) puis calculer la 


—_Y____ 
(L+Cy?)2 4972 


se pose en relativité générale. La formule (1) 


uation en epproximation du premier ordre de la 
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trajectoire d'un rayon lumineux rasant lee bords 
(e.g. soleil). . Le contexte physique indique qi 
(1) devrait avoir l’allure suivante 


y y = 2x2 4y2 


fe 


tpsoleil 


Il s'agissait pour nous de confirmer itelluce de ¢ 
par l'étude usuelle des dérivées premiére et : 
d'en calculer la courbure. Aprés quelques tAaton: 
avons procédé de la fagon suivante a l'aide de bai 
DEPENDS (¥(X)); 
DIFVAR: 'X; - [ligne peut-atre superflue] 
“DIF CESS SPAR BeN BANE) KY 
(peut-atre inutile] 
C: 8 
SOLVE (c==0,y'); 
Cli (2#X°343#X#Y%2)/((X724+¥°2)*(3/2)~-¥°3); 
(-ette expreasion est Y'=¥'(X,Y): poser simp. 
ne fonctionne pas pour la suite] 
DIF (DIF(Y~(2#X*2+¥°2) /(X°2+¥°2)*(1/2),X) ,X)} 
(je pense que DIF(C1,X); aurait été plus sin 
facile pour la suite] 


C:2 
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220, YY"); 


Lent 
"(X,¥,¥") 


2yz(y')2-G6y2xKy'+3y4 

DYE K2 (V2 4K2 )2/ SHVIKIHYS (VZ4X2)2/ Z4N4 (YZ 4X2 2/2 -YS 
tenir Y" = ¥"(X%,Y), je séécris la formule précé- 
n gubstituant Cl a Y' et utilise EXPAND) 
( eed 
ient Y" = Y"(X,Y) en 18 lignes!) 
y réécris l’expression pour Y¥") 

(03/((17241)*(3/2)))5 


| procure la courbure K = K(X,¥) en 3 1/4 pages! ] 


on de procéder <évoquée ci~dessus est sans doute 


tre mais elle est juste. Elle a été testée sur 


y=x? , K = 6x 
(1¥9x4)972 
x2/3 + y27a s gz/3 ae Ks ] 
3(axy)?73 


ant najeur résidq dans le fait de réécrire Cl et 
TQ Je suis raisonnablement sr (et satisfait) 


-enu les bonnes expressions pour Y’, Y¥" et K. 


sussi testé le calcul de dérivées plus complexes 
s de la fonction y = x'/*. On n’obtient pas la 


plus: simple, comme c’est le cas pour y= x* par 
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exemple. I1 faut utiliser EXPAND. 

Au niveau de l'intégration wmuMATH ne peut p 
[ve mx dx directement mais il et fence trés bien 
qui est éyvidemment une forme équivalente. Mais c’ 
ai transforné “x VYi-x en /x-x? ! Le logicie 
d’obtenir J/a-x2 de /x vI-x 7? Si non, l'étudi 
s'appuyer aur le togiciel pour résoudre l'intégr 
alors s'entrafner de fagon traditionnelle a me 
expressions algébriques. Cette situation améne 
plus ginbrats suivante: “Etant donné qu'il est fré 
doive transformer légérement les intégrales prc 
utiliser les tables d'integration, dans que)] 
systame muMATH permet-il de le faire?" "OQuels 
ce logicieh pour écrire de fagon différente uns 
algébrique 7" 
"(A ce propos, on a_ soulevé au cours de 
lendemain la pertinence d'utiliser un logicis 
symbolique dans 1’ étude de l'intégration pa: 
rationnelles pour éviter la longue "digression" 
algébriques. Mon opinion A ce sujet est que je 
que muMATH puisse convertir, par exenple, *2x+3 


x3 +x2—- 


en - 3 + 5 - 1 » Jen'ai pas eu le 
2x -  3(x-1) 6(x+2) 


‘tester muMATH &@ ce sujet.) 
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PARTIE B 


idlisation de muMATH en classa ou en laboratoire) 
atalier il fut surtout discuts de l'emploi d'un 
symbolique dens 1’ étude de la notion de limite. 
opinion &@ ce sujat est que si l'on a’en tient a la 


ure" du type nor (x2+4) = 13 par exemple, alors le 
x . 


symbolique est & toute fin pratique inutile. Seul 
que eat en jeu. Mais pour la définition de la 


ar une limite, le logiciel peut se révéler utils. 


le 
£( x0+AxX)-f (xo ) 
lis = £°(xo) 
Ax+0 ax . 
= x* & xo ® 2, L*étudiant peut demander le 


ment de (2+4x)4—24 puis le quotient par 4x (puiscue 
Ce serait & explorer en laboratoire. 

aut Ggalement penaer a utiliser ce logiciel pour 
} indéterminations par la régle de 1*Hospital. 

s généralement, l'emploi de tels logiciels pose la 
fondanentale auivante: "Les étudiants perdent. 7%s 
iawe (si oui, quoi?) a ne plus sg’entrainer a 
de fagon traditionne] le?" 

ssrois que oui parce que l'étude des wattématiquas et 
Llisation comportera toujours du "calcul" sous une 
une autre. 

léve de 3° année qui réusait une division s'exerce a 


calcus.- 
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(b)- L'éléve de seconduire ILI qui exécute x3 = 
4un calcul d'un cran plus abstrait. 

(c) Plus tard celui ou celle qui montre que | 
pour f£ et g aatisfaiaant des conditic 
s’exerce encore a un calcul plus abstrait. 

(d) Lorsqu'on nontre que dans un groupe, 
inverae & droite sst auaai 6lément invers 
calcule encore 4 un niveau pilus abstrait. 

(e) Lorsqu'on démontre les trois théorémes d'j 
théorie des Sroupea, on calcule toujours 
moins) a un niveau encore plus abstrait,. 


(f) Je soutiens que méme en topologie, on "¢ 


d’une fagon particuliare a un niveau plus 


Je suia d'avia qua les mathématiques reat 
lement une étude des fornes de celeui (dana un 
avouons-le vague!)~ la géométrie élémentaire 
exception qurnd elle n'est pas modelée par 1l’al 
ou la théorie des groupes. 

En . conséquence l'étudiant chez qui l’e 
calcul sous forme traditionnelle aura fait dé 
d'un effort accru ay niveau de lu conceptual 
mise en équation, de la "“mathématisation" 


Présentées pourra, selon moi, souffrir de 


‘niveau Supérieur, of l’on ne peut plus reléguer 


la machine. En résumé, si dans un cheninesent 


qui va de l’élémentaire a l’université, l'éti 
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res détapes de son entrafnement au calcul - étant 
‘tout “spectateur"™ au plan “calculatoire" durant ces 
é6tapas, qui peuvent a’étendre jusqu'au collégial - 
veilecnbleble qu’ il eand¥oatera un faibleaae dans 
n de toutes manipulations sysboliques (Lesquelles, 


leo, sont inévitables dans l'étude des sciences 


uterai que les démonstrations mathématiques (de 
1 les longues) offrent une occasion singuliére de 


} longues chafnes de penadées ou d'idéos en devant 
d*‘un lien solide entre chacune. Je aoautiena que 


Jeté & "former des chatnes" est fondamentale a bien 


| dans I*exercice de la science. La mise en 


jt la conceptualisation, bien que tras importantea, - 


pas un tel intéraét de ce point de vue. Quant x la 
6 d*acquérir ailleura cette habileté (en jouant aux 
exemple), je réponds qu'il est préférable que le 
equiére la forme sur son vélo plutdt qu’en nageant 
+ «6 (D* ailleurs, aux échecs, le lien entre chaque 


n’est pasa toujours aussi étroit et solide que dana 


tration mathématique). 


sion, Jje pourauivrai aQrement ma réflexion sur 
de ce type de logiciel dans l’enseignement dea 


juee. Je le ferai autant par goft que par néces~ 


eulement il serait “sonhatteble que de tels logi- 


NnQ 
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ciels soient jumelés a des logiciels graphiques mais 
des logiciels de traitement de textes mathématiques, 
permettraient peut~-atre l*écriture "normale" des exp 
algébriques dont le déchiffrement devient trés 


lorsqu’elles dépassent en longueur plus de deux ligne 
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Appendix 3 


Nn au groupe de travail CMESG/GCEDM 1985 
NCE DES LOGICIELS A CALCULS SYMBO- 

; SUR L'ENSEIGNEHMENT DU CALCUL DIF- 

TIEL ET INTEGRAL® 


Noélange Boisclair 
Cégep Montnorency 


SOMMENTALRES 


‘anseignemant actuel dea premiers cours de calcul: univer- 
3 et cégens 


oche axiomatique eat rormelle 
livres de reférence des Gtudiants) 


prépondérance pour le calcul numérique 4 taindance acrona- 
tique ; 


i académi qua tras vif mais, carence dais 1'enseignement 
rieur a : 

q mathématiques du secondaire et le développement de la 
nsés formelle s'harmonisant sur de courtes durées; ex- 
ption psut-&tre pour le 128 année du Hign Scnool) 


entisgage confiaé a 1'étudiant responsable de sa formation 


université la@gue cette préoccupstion au college ou au cégep; 


3 


| college ou le cégep léque au High School ou a la poly- 
alente; : 
13,1 instance responsable devient muette!) 


MERVEILLEMENT: ef ficacité et rewdement s'approprient les 
nowmeurs du cours 

tout étudiant écoute une certaine musique; tout étudiant 

découvre les séries harmoniques; qui fait u. lien?) 
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COMMENTAIRES SUR L'ATELIER 


Aucun participant n'aétant spacialiste de l'incidence das 
calculs numériques dans l'enseignement du calcul diftéren: 
téyral, 41 en ressort que les nomoreux thames soumis par 
nants représentent une &baucne intéressanta qui nécessity 
une classification suivant leur caractére pédagogique et ; 
té d'insertion dans une s@quence d'apprentissage. 


Toutefois, discuter du concept de LIMITE et/ou-d' INTEGRAT: 
nous l'avons fait, m'apparaft une approche d'un dynamisme 
4 court terme car, elle perd de we la structure globale 
A mon sens, la LIMITE est comme un architecte, elle crée, 
entre autres, la DERIVATION et 1'INTEGRATION et elle se wi 
posemte inhérente. 


De ceci, ma reaction aux discussions est que l'on a eu tai 
téger se vision personnelle du calcul tout en manifestant 
rét avouloir répondre aux nouvelles exigences scientifiqu 
A mon avis, on @ exploré des moyens de moderniser les cou 
& vue le rythme traditionnel des concepts tels qu! ensaign 


Nonobstant cette remarque, catte concertation a eu un asp 
dans le sens qu'elle a répondu 4 une nécessité de poser u 
cussion qui se veut 1'emorce d'une réflexion plus articul 
congrés. Je partage 1'idée qu'un tel -débat mérita une dém 
te et réfléchie. 


SUGGESTION 


Il me semblerait intéressant d'orienter le débat autour d 
tincts qui rendraient: pertinante. l'utilisation des logici 
gisse de MUMATH,da MACSYMA, de MAPLE ou d'autres. 


Disons, en guise d'exemplas, qu'un logiciel pourrait étre 
divers aspects, soient: 


un outil pour alléger l'enseignement des notions reconnue 
les cours préalables 
v.g-: manipulation algébrique 
domaine et image da fonctions élémentaire 


un outil pour développer une représentation specizle des 
tiques ; : 
vege: graphiques statiques 
graphiques dynamiques; mouvement des € et 
familles de courbes: 
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nt pour soutenir et/ou prolonger 1° enseignement 
VeQ.: esquisces d’analyse 
Proposition de synthase 
interprétation des valeurs numériques 


u*est—ce qu'on mat la-dedans?... un peu de génie et.. 
) créativité a 1'épreuve. 


Bang “PoreDaie 
NOELANGE §O0ISCLAIR 
collége Hontmorency 
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The Canadian Mathematics Education Study Group 
Laval 85 Meeting 


A Personal Report from Workiog Group C 


* The impact of aymbolle manipulation software on the 


teaching of calculus. 


Edger R. Williams 


Memorial University of Newfoundland 


I suspect that for some of us in Working Group C, our first two sessions cc 


appropriately labelled as Learning Group C, We did try to come to some conclusio: 
last session and overall, | can honestly aay that, for me, the learning, the discuss 


product of Working Group C made it one of the most fruitful and interesting se 


have attended. 


Without going into a lot of detail, 1 would like to summarize some of the conel 


drew from this session. In what follows, the abbreviation CAS will refer to Symbol 


* tion Software Programs or simply Computer Algebra Software (CAS). 


1. GAS bas the potential to provide Professors with the opportunity to spend les: 


classroom illustrating routine but time consuming computations and more tin 
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and more exciting Mathematical concepts, 
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Iso has the potcatial to provide students with the opportunity to spend less time on 
y and time consuming paper and pencil computations, as is normally required on 
ments, and to apend more time doing real mathematics. 

y put, CAS can be used as a tool to alleviate computational drudgery and ailow more 
ex exainples to be introduced and studied. 

can be used by both students and professors to check answers to assigned or come 
homework. 

can he used to automate part of a task, for example, the computation of Taylor 
when the task is to examine questions of con:;ergence, ete. . 

sxamples can be done and done successfully when the computer takes over the chore 
tine computation. 

ceptional students, CAS may permit the introduction of Calculus and other areas of 
much earlier than is possible at the moment. 

the possibility of incorporating graphics capabilities into a CAS system, it ‘may he 
le to illustrate many concepts geometrically right before the studeats eyes in a very 
ic and interactive way. 

has the potential to improve student attitudes toward mathematics especially for 
of average ability or below. 

as the potential to permit us to re-establish the importance of creative thought aod 
m solving io the mathematics curriculum. 

resent generation of CAS Systems were developed for the use of Scientists and 
ers. However, with potential ‘developments io Artificial lotelligence, the future 


ial for improvement in CAS designed for educational purposes, seems enormous. 


as the potential to provide opportunities for more individual attention to those stu: 
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15. 


16. 


17. 


103 


dents who need it. 


Successful mathematics students today appear to learn by being "pri 
ple", ic. after observing enough examples, a methodological techniqu 
tunately, many (unsuccessful) Mathematics students pever infer such 
them correetly, or in some cases, never even realize such rules exist. C/ 
to convince weaker students that such rules exist aod that even a du 


programmed to carry them out. 

CAS can bo used to provide enrichment and motivation io the mathemz 
CAS has the potential to permit students io do exploratory mathemat 
before possible. 

CAS can be extended to include automatic drill, testing, aod record & 
advantage to those of us who have better ways to spend our time. 
What are we going to do when many, or most, or perbaps all of our st 


to come to class with a relatively inexpensive baod held computer wit! 


We must answer that question pow. Otherwise, our students vill answer 


lit 
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Some thoughts on the “Impact of symbolic 
manipulation software on the teaching of ca*culus” 


D.W. Alexander 


at routines are unnecessary for understanding? 
at routines are necessary for understanding? 


wcan thé graphic capabilities and symbolic 
nipulation potential of computers be best used to 
hance learning (of calculus)? 


wo might the availability of symbolic manipulation 
ftware (and.graphics) effect priorities, order? 


n these be used to promote understandings, 
en-endedness a la Pollack? 


w does this relate the Whitehead’s cycle: romance, 
-ecision, and generalization? 


iggested sequence: 


Graphical introduction to derivatives 
chords to tangent; “window™ on screen; 
associate slope of tangent at a point; 


exploration - generalization for specific function, 
“derivative” (i.e. slope of tangent at any point). 


Symbolic manipulation code for derivative 
Maximum/minimum problems 

- approximation (graphically) 

- precision (using derivative code) 
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Should problems be limited to polynominals or \ 
students "understand" derivatives of other func 


Should equation solving capacity of symbolic mz 
be used? 


Is there need to explore second derivatives or 
gtaphical capacity remove that need? 


Could second derivative tests be introduced as 
confirming computer graphs? (reasonableness of 


What other aspects of “curve sketching" technic 
still appropriate assuming availability of graf 
packages? . 


Should inverse differentiation (differential ec 
problems be introduced? 


3. Generalization: Explorations of derivativ 
given by symbolic manipulation to give y’ 
“fvtivative of sinx = cosx; derivative of c 

sinx; derivative of sinax, etc. Is this 
time to introduce limit ideas as a basis f 


4. Other "Rules of Derivatives" 
- Derivative of a Sum 
- Product Rule for Derivatives 
~- Derivative of Quotient 
- Chain Rule 


Given the symbolic manipulator, how much of thi 
needed? 


Could it be motivated by "need" to know how to 
vesults without the “black box"? By a desire t 
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tand" how the derivatives are obtained? 


his be “optional” and only done with some students? 


seneei: Awaane ne wa aeckee- ie Sack exiouind sem pet emeacacnceeccsatecscnedeccuecacuccdssaceusssunacnscouascuecasssececssassessaccssossaoasoasasacs 
us" development with the need for “proofs" or.is THE ROLE OF FEELINGS 
lL to use calculus in solving problems? 


the latter, then 4. and perhaps 3. are LEARNING MATHEMATII 


gary. (Is it only my conditioning that makes me 


ous of this conclusion?) 


GROUP LEADERS: 


JOHN POLAND 
FRAN ROSAMOND 
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MATHZMATICS AND FEELINGS 


ctloipants: Docothy Bueck, Renee Caron, Claude Gaulin, 
son, Bit Higginson, John Poland, Pat Rogers, Fran 
Ralph Staal, Petes Tayloc. 


gan thie working group by explaining that although 

lot of Ittecatuce touching on the cole of feelings tn 
pathemat ios, thece ts almost nothing diceotly on tt. 
impoctant area to undecstand and we must cely stcongly 
| examples shaced in the gcoup. 


eaoh pactiotpant int coduoced him oc hecselt to the 
plaining his oc her connection to this wockshop. This 
going acound the group to shace wae a key component af 
96 of ouc working group. The taollowing axoerpts trom 
sha introductions indicate the wonderful collection of 
spectenoes in this group. 


fathomatios is gonneocted with teeling the power ot 
jooking at new and signifioant ideas. Thece is the 


shetll of tnvention, of being able to name, of making 
IP new wocds, 


These ss the feeling of explocation and of unoovercing 
jaw and exoiting things. There ts the euceka expacien- 
e, the feeling of ouctosity, of challenge, of aesthe- 
ho, and the philoeophioal side of unoovecing ceal 
asto truths. : : 


would Ikke to see how the enthusiasium of ths teacher 
an inéLuence students in the olasscoon. 


have team taught a math olass with a poet. Halt the 
lass) was Spent in analyzing a pheoe of poetry. The 
thec half was spent analysing a math problem. .- would 


tke to explore the feelings that ace QGommon toa poetry, 
usio, math. 


see that the beginner's view of math ts fac diffecent 


com the mathematloian’s vision and Il would Like to explore 


ow to open up the latter vision to the beginners. . 


am interested in how the enviconment influsnoes us. 
Isc 1 would Itke to tcy to be speolfio about whtoh 
ealings we pay attention to. 


hece ace not many people at my sohool with whom I oan 
Ssouss these ideas. IE teel tsolated and would Like 
his wockshop to be the beginning of a support group. 


hece is no suoh thing as non-emotional motives. Peop- 
e seem less inhibited to express feelings about musio. 
acge groups of mathematiotans love musio. Is there a4 

omplimentacity hece? 
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As 28 possible ¢camework foc auc topic we ft 
disoussed the Peccy dxvelopmsnt sohens. Ssvercal h 
sohsme that ace attavhed to this papsrc were kindly 
Dorothy Bueck. As theee indicate, tt seems that 
level we tsnd to teaoh to csinfore Isvs!i 2% pscoepti 
students to evolve to Level 4. Eacly levels oollu 
of the world that what ts corceot ts csstriocted to 
family. psscs, sohool and is cetlected in statsment 
teacher Last year didn’t do it that way “ 


In thie cegacd, Lacs Jansson desw our attentt 
disoussing tho problems of beginning teachscs (see 
We discussed but Left uncesolved whether emotions 
ace mote important at lower Peccy Levels than at h. 
Does a changs in pedagogy equate to a ohangs tn th 
of students perceptions? The espercience of many in 
that a €soling of community and oacing tn the olas: 
dmpoctant cole tn Peccy development. The cole 
gontinued to be a theme on successive days. 


Pacttotpants were asked to attend the To 
Pcooblem-Solving by Peters Taylor that afternoon. : 
keep oarcstul track of thetic feelings during tht 
When we met on the second day, the shacing of thes 
a gceat stinulus. Pat Rogecs desocitbed how | 
teelings and the need to be aware af then, ‘ 
expecisnos of having then. This validation helped 
situations when negative oc confusing fteslings arcos 


One fseling fac example, was Pat's angec with 
peecs who were model studsnts for the teacher ducing 
Solving session. Thece also was an angers with thi 
insisting on ceoeiving his own answer from the si! 
teeling of angec formed a blook that kept Pat ti 
involved pactioipant in the Problem-Solving session 
the workshop desdribed feelings suoh as angers, cont: 
ec aoompetition. The owners of these negative feel! 
being turned off oc dissngaged ducing the =P 
session. 


The sources of the negative feelings could, tn 
tcaced toa speoitfto tnotdents. Mals-f{smale dit 
dtsoussed in this oontext. [t was noted that tn « 
actoss all subjeots, SCeseacoh has shown that teaal 
att{sntion to the male stydents. Disoussion shitt 
pcoess mathsmatios has in general. An acgument was : 
who were not pactioulacily athletio oould be acoepts 
they excelled itn math. Many questions such as the 
caised. Does mathematios always assume one's wor: 
selated to an authoritative perception of mati 
unusually stcong in the feeling of sell-worth? 
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suoh ae “oool”, “gontrolied" hawe been used to 
themat los. Theee often oonvey a remoteness or 
ess on the part of the learner. We diecuesed, “How 
ed mathsmatioe to suppress feelings?” In reeponse to 
on the image of “cool” wae pleasant and positive. 
d desoribed his ability to foacue attention on 
and thue distract himeelf during a paintul iliness. 
nd mentioned that she enjoyed nathematice ae an 
beoause thoughte about mathematios oould orowd out 
ut ses. Qthers commented that mathematioe is a way 
eeell from interaction with peers. 


9 oonoluded with many of ue sagerly describing 
fos of the best teachers we have known. Fran 
Bt At Imperative that we aleo feacognise and share our 
Ss. To this end we began the third day by spending two 

pairs, talking about “why 1 am a good mathematios 
turning to the group, we spoks in turn about what we 
our partner say that etruok ue as important to good 
ome Of the oonversation follows. 


th our etudente: 


muet make maximum effort to involwe all and avoid 
poocupation with just the bright studente. 


an students oome in to offioe hours I go over the 
st days Lesslon with then. Then In olaes the nest 
p they join the disouselon becauee they have had a 


aview. This also helps me find thelr misconoeptione 
advanoe. ‘ 


deal with disappearing students, f£ have the olass 
bit to emall groups and then report baok. ~ 


try. to Involve the etudents using modi£ied Moore 
thod., There are weekly saeeignments leading to big 
sults. T play it by ear to give just the right 


ae of ohallenge and hints eo the results beoone 
pics. 


. 


want the students to learn to think wilder in the 
sure. We brainstorm in olass. When a pereon 
}geats an idea, that pereon is the idea. RetJeoting 
1 opinion Is rejecting the pereon. In brainstorming, 
ideas are evaluated until all have been listed and a 
see of community has developed in the group. . 
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In the olassroom: 

Provide ofosure. At the end of every hour point to 
the positive acoomplishmsnt, if it is only the aski 
a good question. Look forward and baokward in th 


t use two overhead projeotors. One is used | 
prepared overheads and is a way for me to oonvsy 
enthusiasm with the math and also look at the stude 
The other is used to write spontaneously on. 


When discussing Ppreaeeigned problens, keep poe 
other intereeting problems that come up. Let ¢ 
beoome optinal homework probiens. 


1 work with colleagues in team teaching. An Eng 
teaoher Jointly teachee my math olags. We eaoh 
halt of a theae hour olaee. The English prof disoau 
what makee & poem work. Then | disoues what aake 
math problem work. Thece is oritiot{sm of the wri 
experience as well ae of the math protlem-eolving. 


l relate what we are studying in math to other area 
math. Take a problem and approach it from seve 
ateas in mathematios. Students sometimee ce 
dleouesion of biographical, historical or cult 
aspeots of the subject. They limit what they want 
profs to taik about. Its as if thoy tsel we 
ohanged the ground rules on then. . 

1 give marke for attendance. \n aseume 
progreseion or growth-depende on attendance. it 
esam eeems hard, 1 look at the marks of those 
attend reguiarily. 


1 give fesdbaok periodioally in the what looks 1133 
quis but it de not for a grade. The etudents writs 
what they feel is important. 1 give feedbaok. 


As a teacher: 

There has to be harmony between being to 
egooentrio or totally out-going. The teacher mu 
in oharge of what ie going on in the olaesroom. Al 
teacher muet lieten to what the students eay and 
they say it In thie way the teacher oan hear mis 
Ths teacher oan build on etudents' past esperience 


The teacher muet hang on to a genuina egooentri 
Studente don't want a teacher who disappears Into 
background. Students want to heac what you are 8 
becauee you've got eomething. Be youreeit; that 
what you have the moet of. Conoentrating on 0 
requicss a detaohment from yourselt. . 
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7: ee oe 1) inte a perotessace alftioe to aek adviocs, 
sally he oc ehe hae a epeoial pecoonal metaphor with 
ich to explain the oconoapt. We should shace oaue 
taphoce in the olasecoon. Talk about mathematios as 
you ace talking to a peceon while walking by a take 
while an a eatcoll theough the woode. 


le important to be upfront about what we ace doing. 
y that we expeot ouc etudente to mova through the 
rccloulum by f€icet being able to do probleme of one 
two steps. Eventually they should be able to caad on 
eic own and enjoy what mathemation has to oftec. 
$e oan be weitten In a handont and said in olase. 


is important ta build on students past expecienoces. 


aooept with good grace my own mistakes. The ideal 
ucse ie not one Whece teaohec nevec makes mistakee. 


ase must funotion ae & eupport aystan. Thies must ba 
eac to the etudent eo thece te no feac tc opening-up. 
begin f€icet olase with lots of esalf-disolosuce and 
me tn emall groupe. Thies laye the gceoundwotk foc 
souseion of taalinge. 


oe of oommunity wae a ‘dominant theme among cue 


Community provides eataty and belonging. This 
udente. Thie allowea them to be itn oontact with 
to know thaenealvee. We see the ofaescoon as s 


(ae in the '60'o). We envisioned the esupecioe high, 
high ae of passing the mathematios. 


eeed fac too quiokly and we have munth to discuss. We 
ily Inteceated in whioh snotions belong ateictiy toa 

and cannot be avoidod because of the nature of the 
ere oc when do we see the “Ah ha" expecienoe in 
ouc etudente? We also want to exploce stcategias for 
Jeaohing that bul’d community. Our malin goal is ta 
etudants. 
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Appendix to che Report of Working Group D 


June, 1985 
U. Laval 


(R.A. Staal) 


One of the by-products of working in chis group was ah 
appreciation of the importance (and existence) of emotive as 
learning in mathematics which have their source outside of ¢! 
mathematics itself. 

Within machemacical activity, there are numerous exanp 
whac we might call “emotive” factors ~- while not strictly pa 
mathematics, they are inseparably connected with ic, and ref 
essential nature of che total mathematical experience. A fe 
are: "“Eureka!"; various forms of aesthetic satisfaction (pl 
the apparently complex and inscructured to a simple, structu 
of a beauciful and ingenious proof...); che feeling of secu 
dealing with a "clean", well-defined scruccure with clear cri 
success; the excitement and suspense of exploration; the sen 
stinulacion of oystery; che "down side", of frustration ("wh 
this work", “why couldn'c I have seen chat?" 1 juste wasn't 
be a mathematician") erc. These examples are all pretty fam 
and come to mind rather easily. 

At a less purely mathematical level, there are emotive 
arising from interactions of mathematics with other subjects 
at the seashore). These are hard co list in a systematic wa 
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surface in our discussions. 
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a co the main point of this note: chere are emotive aspects 
groom experience which have nothing especially to do with 

| per se =~ chay apply co che classroom, rather chan che subject 
"influence on the learning of whatever che subject mighe 

ways adequately kept in mind. They have to do essentially 
al-interpersonal matters, and include such things as: 

on in che development of material, participation as a 

; member of a group, getting approval versus being put down, 
dated important aa a person. 

to be emphasized thac here we are concerned with che role 
pecta in the learning of mathematics, and have no intention 

@ the pach in which concern for "the whole child” is expressed 
phasis on che learning of a subjecc. 

la of the teacher ia brought to the fore in chis. Self-study, 
ty materials, and computer-assiscted-insctruction (both of 
cime~to-time are touted as in che forefront of educational 
eave this aspect of learning virtually untouched, unless, 

used as a supplementary tool at che hands of a teacher. A 

f£ our thesis, chen, is chat the ceacher is uniquely imporcanc. 


llowing destripcion of four levels of teaching mathematics fits 


omments into a brosder scheme. 


bject matter is preaented, in logical form (Definition, Theoren, 
mples are worked out, problems are assigned and solutions 


and examinations sre conducted. 
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beust I 
ds in Leval I, but enriched by the addiction of backgrour 
(biographical and historical macerial included) , machemac: 


and intsrconneccicns with other topics and subjects. 


Level IIL 

As in level IL, but in addition che students ure brou; 
picture as participants in the mathematical activity. (The « 
fairly obvious - Socratic and similar approaches, che use of 


exploratory assignments, etc.) 


“Level IV 


As in Level III, but, in addition, the students are con: 


fully as persons, and che emotive aspects of the classroom en 


are taken into account aa part of che process of learning ma 
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The Dualistic View 


Prepared For 


roject MATCH Conference (Davidson College) 
6/19/85 


By Dorothy Buerk 
Ithaca College 


look more closely at the beliefs of those holding a Perry 2 view 
gal knowledge. Students holding this view will have a number of 
> beliefs: : 


swears are known by an authority for all mathematical questions, 
‘a og dnsolved problems, and no multiple answers. Right answers 
iad On, not created by the authority. 


3 ona‘right method to attain the right answer and while students 
asked to find it for themselves, they know thay are being asked 
THE mathod to find THE answer. 


ics is learned by memorization and hard work and by doing avery 
that 183 assigned, while following literally each instruction 


6 teacher (or the textbook) gives. Wa know how much practice 
d* 


either good at mathematics or bad at mathematics. If you are 


it you will catoh on very quiokly. Otherwise you will not. 
3 in Contrast to the notion that ona can come to undarstand over 


} MOG act on a problem and one does not bring one's experience to 
em. Ona brings the methods that have been taught for similar 
je ~= Even the authorities learn this way. 


lant's role is to collect facts, not act on them. but to store 
they are received. One does not use one's intuition. 


© no gradations of truth - no gray areas. 


ority (teacher, textbook, eto.) is responsible when a student 
ouledge, 


education iso't bacessary, since it “won't do me any good on ay 
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Strategies to Enhance Learning 
By Dorothy Buerk ° 
Ithaca College 


Provide time to experience and clarify a problem (s 
focusing on solution. Let each Person think about the 
anyone speaks, Respond to questions about inter pr at: 
This would include providing background for application 
student's field. Focus on resolution Only after each 5 
problem (question) clearly. 


Include the historical perspective to help students beo 
Person-mads quality of mathematics. Concepts as "simp 
negative mmabers were controversial and adopted with 

and yet students are expected to accept them without que: 


acknowledge and encourage alternative methods ; 
approximation, guessing, estimation, partial solutions, 
intuition, 


Answer queations yith questions that both olarify 
Questions and that help the students realize their o 
Problem solvevs and problem posers, 


Encourage students to share ideas, partial solutions 
interpretations of probleas with each other, Establish 
encourages collaboration and the pooling of ideas to 
and/or naw questions, Sharing authority in the classrac 
to the improvezent of student learning, 


Encourage the asking of new Questions and create an ¢ 
both teacher and student are free to yonder out loud. | 


* 


see their teachers asking, thinking, puzzling, und cong ex 
in class, 


Hake concerted attempts to avoid absolute language. 


Set aS a goal the development of each student's internal 
of Confidence, and of control over the material. He 


reslize that mathematios oan be learned by thinking 
menorizing. 


Offer opportunities for students to reflect on paper ab 
and feelings about mathenatios. often after aoknowl 
feelings and reactions a Student oan mova on as if 
burden. Writing out one's thougats often brings a deeper 
& Rew insight and with these come a new sense of confidenc 


Don't rush closure. It is important to continue to think 
® problem, an idea a question, and even a possible answe 
leave resolution until the next or an even later class. 


le 
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Our Expectations of our Students 
Prepared For 


roject MATCH Conference (Davidson College) 
6/19/85 


By Dorothy Buerk 
Ithaca College 


ay «6in 6talking with oollege mathematios faoulty about their 
of thair students, I have concluded that mathematics students 
to be: 


al and able to think quantitatively and daduotively. 


do ‘proofs, a skill which requires bringing together disparate 
knowledge and seeing the situation from saveral perspectives. 
in both Stop down” and "bottoa up*® codes is often nacessary to 
| & proof. 


seo the relevance of applioations ww theory and theory to 
dons and,» in additions to understand the oonnsotions between 


. use problea solving heuristics to approaoh non-traditiozal 
} and to have the patienos to try out several approaohes —- to 
ha diffioult problen. 


realize that one's intuitions are icoortant and need to be 
id; that these intuitions oan be misleading and naed to be tasted 
a theory or with evidenoa. 


learn on their own ard from oeaoh other; have ths internal sense 
issing necessary to do that. 


make reasoned giesssss conjeotures,s and to estimate results in 
sass of imuiry. 


ask good questions ~ espeofally new ones (problem posing). 


‘ul of the power of uathematios, but still willing to experiment» 
ut ideas that may not work. 


write good definitions and to use them ~ to pull out relevant 
tion and to be complate. 
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Proposal foc 1986 Working Group on Feelings and ! 


The 1983 Working Group on Feelings and Mathema' 
oonoept analysis to identity the meaning, cole, 
woctkings of aflfleot in mathematice Iinstcuotion. 
pcopose to f£urthec develop the anaiysis of how af fs 
ace celated to mathematics learning and teaching anc 
theotatical f€camewock to guide ceseacch in this ace. 


Ghile most Ceeeacch in mathematics education 
solving has fooused on developing inftormatison—-proc. 
of purely oognitive eyetene, thece hae been oonsid 
ceoognition that alfLeotive dimensions ace integra 
Stimulate the cognitive. Emotions and belief syst 
the tlwelve matoc issues that Norman (1981) aseert: 
addressed in futuce ceseacoh tn oognitive § so:se! 
1965) ucgee oaceftul at{tention to the language a: 
instcuotion and says we badly need comprehensive a: 
studies of affeot in mathematios clasees. In di 
implications from rcecent ceseacch on mathematios 
futuce ceseacoh and polioy, Good (1984) emphasize 
examine systematioally how teacher beliet syetens 
belief systems in smali-group and whote-ciass sett 
beactning. 


The immediate deeoriptors of afflact are the 
signs such ae flushed cheeks, muscie tension Of Ca 
HoLeod (1964) has celated to mathematios pro 
Mandlec’s theory that emotion ceeults when an 
planned behavior is inteccupted. Mandierc's theory 
may need to be espanded to inolude emotions suoh 
teliefl and Ahi Hal Euceka! described by parctioipan 
Woctking Group. Emotion also is evoked by unconsolto 
Of present aotivity with past events. Reoall of e@ 
memories is one way to caise level of awareness. 


A cognitive interpretation of alfeotive b 
tnolude the influenoe of belief and value systems. 
the forms of intelleotual and ethtoal development ¢ 
Pecry (1970) ae a ficst model of how student belief 
leacning are colated. Wock of Rosamond (1984), Bu 
Copes (1982) will demonstrate the celevanoe of Perc 
epeoifto mathematios courses. 
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ve intecpceatation also will include elements of 
jagision making ducing pcoblem-solving as daesocibed by 
98s) Concecns suoh as that voiced by Brown (1984) 
nt ability to genecate mathematical questions and by 
81) about making meaning and feeling the significanoe 
toal ideas will be integrated into the {camewock. 

discussed is the affect of emotion on memocy and 


fF impetus to modifioation of teatning behavior is the 
evel of awarenese With a flow level of awareness a 
SC@act automatoally to ocerctain emations while a higher 
wateness allows the Lleactnec to ohoose appropriate 
The Paccy davelopment soheme, problem-solving ooucsaes 
enfeald’s and tests suoh as that by Mason, Bucton and 
2) willl be esamined to asoerctain§ the pittalis and 
e€focts to iné€fuance Level of awaceness. 


Ognise that we need one-on-one ceseacoh in labocatocy 
o help us desocibe and chacactecize those aspeots of 


impact on student leacning behaioc., Such “jideal" 
gan skew findings however, and foc olassctoon 
leatning to be impcoved, mathodology must be 

o examine affect undec conditions of lacge-gcoup, 
nstcuotion. The obsecvations of Tayloc¢t . ) and 


85) will be used to guide development of such 
tz of ouc pctaposed work then, would include the 


z SETTING . X 


PHYS LOLOGICAL x COGNITIVE 
ee STATES INTERPRETATI Ci 
specific or sensations belief and 


general math 
content 


social content level of 

1-1, small or awareness 

large group F 
hodology will be devefioped to test and elaborate the 
nd thus lead the way to focmulation of olasstoon 
a scope of work outlined in these Paragraphs is fac 
9 be accomplished ducing the duration of one woctking 
ws indioates ouc diceotion however. and wae expect to 
cogcaess. 


127 


‘<) 
ERIC 


value systems 


decision making 
strategies 
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fon Unique? 


an exercise in cooperative theorem discovery, Formulacion 
hat may noc be clear from che following review of the session 
considerable cime was spenc playing wich che formulacion and 
current resulc co make ic sacisfactory co me and to the 


cf was che uniqueness of faccorizacion of natural numbers. I 
viewing the nocion of prime number and ensuring everyone was 
the proceaa by which a prime factorization is obtained. I 

bouc che amaceur Canadian mathemacician J.P. O°Reilly 
hose hobby for many years was playing with large primes. In 
vered by chance chac if he mulciplied the primes 


Po * 2648552497 
%" 9133228103 . 
resulcing number n was divisible by 19. He realized 


0 
ac 1f he faccored che quocienc ny/19 he would gec a second 


of n . This he did, obtaining 
> 7% * 19.73.223.727.1481.2161.33613 . 


) haa been written as a producc of primes in cwo differen: 


primes in common. This was a revelacion co OReilly because 
t time generally supposed chat prime faccorizations were 
order); indeed this was known co be crue for reasonably 

» O°Reilly’s discovery received some actcencion from 


3, and for many yeara, % was the only number of chis ctype 


d che following definicion is now scandard, | 


An O”Reilly number is a number with ac leasc two disjoinc (no 


non) prime factorizacions. 


the class For anocher example of a number with cwo noc 
isjoinc facctorizations. After a momenc chey agreed chat 

2 of ay had chis property. They formulated: ; 
EF mn is an O’Reilly number, chen for any k, kn has 2 

ne factorizations. 

Ine asked about the converse. 


= nm has.cwo differenc prime Eaccorizacions, chen n is, or 
o£, an O”’Reilly number. 


mowencs co find che simple proof of chis, based on 
mon primes of the two Eaccorizacions. 


moint, one or cwo scudencs declared some confusion: is ic 
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hoc the case chac all numbers have only one faccorization? 1 
chac while chis was indeed che case for che numbers one mec ty 
life, ic can evidencly(!) fail for large numbers. Indeed our 
session was co discover just how widespread chis tailute’ migh 
young man, Ian by name, was noc sacisfied. We insisced chac 

divide eicher Po OF 4% Thac cannoc be, I replied, chey 


prime. Someone had a calculator which cook 10 digits and ver: 
indeed was noc a divisor of Po OF Gy + The youch became « 


angry. (1 knew him co be one of che brighter and more active 
the group.) O°Reilly musc have made a mistake; 19 cannoc dit 
N° I paciencly explained chac alchough I had noc checked 


such an error would surely have been neticed by now. He pers: 
was sure chat faccorizaction was unique. How do you know, L a: 
could noc say. Mis fellows were embarrassed for him and -askec 
down. He did buc he was upsec. 


Someone asked whether all O°Reilly numbers were as big at 


there any smaller ones? I answered chac alchough ochers have 
they are all bigger chan Ny Indeed an American mathemacticia 


used a computer in 1952 co verify chac all numbers less chan 


unique faccorizacion; No is che smallesc O’Reilly number. 


Of course, I continued, ic is noc pleasanc co have number 
unique faccorizacion fails, and ic is imporcanc co try co unde 
ic is about chese numbers which gives chem chis property. The 
theorems cell us chat cto understand such numbers, ic is enough 
understand OO’ Reilly numbers. The cask I am proposing is co Fi 
theorems abouc O’Reilly numbers, which elucidate cheir propect 


To scarce chem off, I suggested 
Theorem 3, an O° Reilly number cannoc be even. 


We spent some cime finding and being careful abouc che pr 
knew chac chis waa co serve as a model for other proofs co com 
seemed natural co start by contradiccion. Suppose n is an e 
number, Since n is even ic has a factorization which concain 
since it has cwo disjoinc faccorizacions, ic must have one cha 
contain 2. Thus n= Pyee oP, where che P, are odd. Buc the 


odd numbers is odd. So n is odd. Concradiccion, Actually, 
carefully ac this proof, you will nocice chat it does Noc real 
(should noc?) preceed by contradiccion, but can be done more e 
direccly. 1 will write subsequenc proofs in chis direcc mode, 
ones produced in class were always by contradiction. 


I asked for another theorem of chis nature. The one L go 


Theorem 4. An O°Reilly number cannot end in 5. 


The proof proceeds as above. An O*Reilly number n muse 
factorization chat does not contain 5. The primes in chis fac 
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in 5 Cor they wouldn’t be prime). So n ig the product of 
ch don’t end in 5, and so can’t end in 5 either. 


oof hinges on the fact chat the product of two numbers which 

nm 5 can*t end in 5, and I asked how they could be sure of this. 
d that one just had to check the possibilities. The key poine 
tiplcation has the property chat 1£ you know che laste digit of 
;» then you know the last digit of cheir product. So you draw 
digit" multiplication cable for numbers nut ending in 5, 


} pointed out that, because a number ending in 5 is odd, the 
only be constructed for the odd last digits 1, 3, 7 and 9. 


last digit of 
second number 

1379 ‘ Table of last 
digit of product 


| 1 of two odd numbers 
t 3 not ending in 5 
diese 7 

exc 9 


d for more theorems. Someone put forward that an O°Reilly 

d not be prime and I called this Theorem 5, I asked for a 
onging to the same family as the previous two. It was remarked 
tate that O°Reilly numbers are not divisible by 2 or 5. What 
small primes? 


An O*Reilly number is noc a multiple of 3. 


the class some time to chink about this. Can they do for 

they did for 2 and 5? [t was realized that 2 and 5 worked out 
y are the factors of 10 which is the base of our number scheme, 
redients of our proof were little facts about endings of 

this base. The required results were not available for 3. 


t work in based 32 Let*s try. The proof should begin as 

OReilly number n must have a factorization which does not 
If we write the primes * this factorization in base 3, chen 

m will end in zero. ‘ . -uess) their product cannot end in 
4s not divisible t+ * --4 chat seems to do it. 


d the fact that in base 2, the product of numbers not ending in. 


and in zero. Is this crue? Everyone said it was. Are you 
ked, After a moment, it was decided that you simply had to 
ast digit table, 


last digit of 
second number 


Base 3 

Last digit table for 
t digit 1 product of two numbers 
first Not ending in zero 
ber 2 
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Since no zeros appear, the product of two numbers not ending 
3) cannot end tn zero. 


We appeared co have an interesting "machine", what’s ne 
Ic was suggested we should cry 7 nexc. Wut che young wan, La 


some ttouble with earlier, who had been sitting scowling for 
while, safd quietly, let’s cry !9. 


Theorem 7. an O° Reilly number is not a mulciple ur 1y, 


Of course, I hastily explained to the class, we know thi: 
be False. But in trying che above approach on it, we may, in 
find the proof, learn something about why 19 ts different £rot 
5. So off we went, 


An OReilly number must have at least one factorization 1 
not contain 19. Think of these prime factors in base 19. Not 
end in zero, so the possible endings are 1, 2, 3, ooo, 17, 18. 
treat the numbers 10, 11, ..., 18 as single "digits".) Can tt 
two such numbers end in zero? I asked the class, 


Someone said no, of course not, but someone else argued 3 
think of the base 19 representation of Py and 4% above, TI 


end in "digits" between 1 and 18. But cheir product n. must 
zeto.e Make up the table, someone said. I sketched out-an 18% 
Ie°s a bly cable, [ said, 


Tan had borrowed the 10 place calculator and was calculat 
final “digits” base 19 of Pg and 49 + He did this by divi 


19 and taking the remainder. te got 17 and 18 respectively, 
multiplied them cogether and filled in that square of the tabl 
The class was silent for a moment. I wonder what that means, 
means O°Reilly was wrong, said Lan immedtately, and there was 
silence. 


I think what it means, I said after a moment, {is chat I%vy 
one of both of these numbers Pp OF Wg = [°m sorry, they o 


in my notes. Ian shook his head itn dismay. Having tasced blo 
not about to be put off. Fill in the table, he said; you won 
zero. [ts a big cable, I replied again. 


Okay, I said,. after a moment, suppose we £11) in the tabl 
we get no zero. What have we got? We know O°Reilly“s example 
came the reply. No OReilly number ig divisible by 19, Righe 
where do we go from there? Do we do the same thing for other 
far can we get just by filling in larger and larger tables? C 
any way of arguing directly that the table couldn’t have a zer 
actually filling ic in? Such an approach would be very power£ 
ic might extend to a large family of primes. Suppose there’s 
the table. Can you see anything wrong with char? 


This was a large piece of direction I had given them, and 
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ry for awhile. Happily it wos Ian who found the argumenc. Ic 
-o raatore his equilibriua. 


\era ig a zero in the base 19 table, say in the (h,k) position, 
h,k & 18 , Chan hk = 19s for some s . Since h and k are 
19, thie gives us two different factorizations for the sauna 

ance gives ua a new O“Reilly numbsar (possibly after cancelling 
tors). Thia new number ia certainly smaller than My and 

ts the face chat Ny wae the smallest, 


class was respectfully silent. Notice what’s happened, I said. 
{lling in che base 19 table, we argued that it couldn“! hava a 
t we used a picce of -information we hadn’t used before: the 

y of Mm ° How generally can you make this trick work’ 


yone fele game to try to tackle: 
» There ara no O”“Reilly numbers. 


ook a bit of trial and error to get the proof right. It turns 
to generalize the ay argument there are really two important 


83 that % be the amallest O’Reilly number and that 19 be the 


prime factor of Mm ° 


Theorem 8. Supposing the theorem false, let n be the suallesc 
Mumber and lec p be che smallest prime factor of n . Now a 
| @ prime factorization that doesn’t contain Pp , say n® PyeeePy 


Py >p . Replace each p, by ita final “digic" kr, in base 
CC Since n ie divisible by p , the last 


E ct (which is the same as the laec "digit" of n) is zero (base 
; = pk . Thia gives us two factorizations of t , which, after 
yE common primes, gives us a new O-Reilly number lesa than X 

ich vy <p > « Contradiction. 


she end, some of the clasa were a bit bewildered by what had been 
id. I pointed out that unique factorization was indeed a property 
\tegera, and that that was in face what Theorem 8 stated. What we 
iced, in our explorations, was quite a reasonable proof of the 
actorization result. Had anyone, I asked, seen a proof of the 
actorization theorem before? One or two thought they had, but 
2p’t sure. 


I have given this exercise to four different groups: high school 
» high school aath teachers, university math seniors, and 

ty math educators. In all groups there was some initial confusion 
appearance of an example which appeared Co contradict a firoly 
lef. Buc if the example was properly dressed up with the right 

al footnotes, I found ay audience on the whole quite willing to 
their disbelief" and enter actively into a search for theorems, 


Numbers 29 and {Iq are chosen with care. I don’t have any 
o believe they are prima, but they have no factora < 61 . If you 
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multiply chem out with a 10 digit hand calculator you get 
which is also what you get 1£ you mulciply out che "small 
of My Also if you do a "lase 3 digic" analysis of che 


Factorizstions you get 391 for the product of both sides. 
factorizations are the same mod 1000, 


The unique factorization result is usually (casually) 
high school, and is proved in a first or second algebra cc 
univeraity. ([Navartheless I had no trouble selling wy ex: 
univeraity students.) The usual proof uses the Euclidean 
Thare is a atandard proof similar in spirit to our "diaco\ 
Theorem 8, which Nathan Jacobsen [Basic Algebra I, Freemar 
attributes to Zermelo, [I am grateful to John Poland for 
It goes as follows: let n_ be the amallest number with er 
factorizactionsa 


en =ae 9, 202% 
and suppose P, > Y - Then 
(P)-9,) (p06 P= 9, (490004 Paseo?) ri 
By completing the factorization of both sides we get two f 


factorizations of a number smaller than nn, one of whict 


the other of which does not (since - 
eee ios 9, cannot divide Pinay 


Peter D. Taylor 

Dept. of Mathematics & 
Queen's University 
Kingston, Ontario 

K7L 3N6 
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STEMCLOGICAL FALLICIES 
[LL LEAD YOU NOWHERE 
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JACQUES DESAUTELS 
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EPISTEMOLOGICAL FALLACIES WILL LEAD YOU NOWHERE! 
SSN SE eee 


fitre arrogant pour UNe conférence si,d'une part,on tradu 
"fallacies" par “faussrtés" et si,q'autre part, an imagine que 
invective ses auditeurs. 11 perg Cepexdant son impertinence s 
le Sens q*j}lusion puiscs*i] se transforme en lapalissade. Qu 
oserait affirmer que l'on peut ajje; "quelque part" dans le do 
tissage des mathématiques en se bercant d'illusions et d'illus 
ques au surplus. Mais cette lapalissade n'en est pas vraiment 
a Pas Je caractére premier, soit }'gyjdence lige a |'univocité 
connote, Poyrtant,pour ceux d’entre nous qui ont réfléchi 4 cer 
de l'apprentissage des sciences, e))e a acquis un sens évident, 
gradue]lement au jour par des trayayx qui forment un véritable 
cherche que l'on reconnaft dans ja yittérature sous les étique 
tions pré-scientifiques, Conceptions ou représentations spontar 
tre perd alors définitivement toute insolence ou prétention pu 
l'apPrentissage des sciences et ne s' adresse “donc pas, tout au 
aux didacticiens des mathématiques, mais nos travaux peuvent-1 
certaine ytilité? 


C*est Ja question qui @ Orienté ma réflexion et je me prop 
succinctement avec vous d@S Sujets suivants: 


1) Quelques exemples de représentations spontanées- 
2) M, Bachelard, ses Obstacles et son profil épistémologic 
3) La drotte, le point. le hasarg, 


D QuELQues EXEMPLES DE REPRESENTATIONS SPONTANEES: 
La_ chaleur, Je mouvement, etc, 


Lorsqu'on demande 4 d€S enfants d'une dizaine d'années d‘e 
l'extrémite A d'une tige de métal deyjent chaude alors que la s 
est Située a l'extrémité B de celle-cj, on ne les prend pas au 
fournissent spontanément deS explications. Celles-ci, bien que 


sae 


eci en commun: i y a quelque chose qui se déplace du point B au 

qui au demeurant est tout 4 fait jogique. Mais qu'elle est la nature 

e chose qui se déplace ainsi? Eyjgemment, c'est de la chaleur et 

ne veut rien reprocher 4 l'explication. Si on poursuit le question- 

‘A leur demander ce que c'est la chaleur, on découvre que pour eux, i] 

substance plus ou moins Volatile,qu'ils comparent 4 l'air, a la 

n fluide quelconque. CeS explications ne correspondent 

qui forment le champ de COnnaissance de la science Moderne, bien que, 

S cas,elles présentent des Similarités étonnantes avec des théories 

nt reonnnues (1) par les Scientifiques, notamment la théorie du calo- 
Cependant, ces explications enfantines, 


e verrons ci-apraés, font obstacle a l'apprentissage des sciences et, 4 ce 


dient tre prises en Considératjon dans 1'élaboration de stratégies 


cation du mouvement fournie par des slaves d'une dizaine d'années 
autre exemple de représentation spontanée. Ceux-ci, 4 1' instar 

Ne peuvent concevoir qu'un objet puisse se mouvoir sans 

on d'une force qui non seulement initie le mouvement mais le main- 
tre part, si la vitesse d'un objet est constante, c'est que néces- 
force agissante est constante, et plus celle-ci est grande, plus la 
Proportionnellement grande. Dans cette optique, un objet qui se 
ande vitesse doit nécessairement atre mu par une grande force. 


d Driver (2) utilise ]'exPression “children's science" pour désigner 
2s explications que leS enfants construisent spontanément pour ren- 
295 phénomanes avec lesquels ils interagissent, avant toute éducation 
formelle, mais également Pour souligner que ces explications forment 
2 conceptuelle dont on doit tenir compte en pédagogie des sciences, 
parce qu'elle permet aux enfants de donner un sens a jeurs ob- 
jotidiennes. Or, jusqu'a tout récemment, on a négligé de le faire, 
| suffisait de montrer 1a bonne solution pour que les éléves changent 
ations. Les résultats de la recherche sont clairs » les 6laves 
E pas leurs explications Premiares et les réutilisent trés volontiers 
mntexte du probléme qui leur est pose diffare de celui des problémes 
spitre dans un livre; ce qui d‘ajjjeurs ne les empécHe pas de réussir 
Mais que devient la connaissance scolaire quelque temps aprés les 
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études? N‘'ayant pas été vraiment assimilée, elle est reléguée 
lentement ais sdrement se transforme en vague souvenir — Ah! | 
le principe d*Archimade — l'eau qui monte dans la baignoire... 
vraiment compris, 


Le spectre des raisons qui peuvent étre invoquées pour ex] 
nos enseignements respectifs '9) est varié: formation des maTt) 
tique, Stratégies pédagogiques, nature des disciplines, déveloy 
des 6léves, Sont autant de facteurs a examiner afin d'éclairer 
toutes ses dimensions. Or, parmi ceux-ci, je m'attarderai a 1 
gique intrins@que du processus de la transformation de la conna 
considére du point de vue historique ou du point de vue de I‘ar 
viduel, ce qui me permettra de spécifier en quoi les représenta 
des 6]@ves constituent des obstacles a leur apprentissage des s 


Monsieur Bachelard, ses obstacles, son profil épistémologique 
I] est &tonnant de constater que la publication du petit 1 
Kuhn (4), La Structure des Révolutions Scientig¢iques, ait prove 
chez les intellectuels de toutes les disciplines, alors que 1'‘o 
d'épistémologie historique de Gaston Bachelard continue a étre 
Das ses premitres publications 5 »ce dernier, en interrogeant 1 
de la relativité et de lathéorie quantique, posait les jalons a‘ 
qui, 4 mon avis, est plus riche d'enseignement que l‘oeuvre de 
au regard de la compréhension de la nature du savoir scientifiq 
formation, mais également du point de vue pédagogique, car s'i] 
mologue, Gaston Bachelard a-d'abord été professeur de sciences, 
pas s*étonner de trouver tout au long de }'oeuvre de Sachelard | 
pour I‘enseignement scientifique; n'écrivait-il pas dés les ann 
"Les professeurs de sciences imaginent que L'esprit commen 
une fecon, qu'on peut toujours refaine une culture nonched, 


nedoublant une classe, qu'on peut faine comprendre une dém 
tion en la répétant point pour point." (6) 


I] ne saurait @tre question d*épuiser en quelques pages un 
che; je me contenterai donc d‘évoquer quelques-uns des concepts 
cét auteur, qui permettent, amon avis, de saisir en quoi les 
spontanées constituent des obstacles a l'apprentissage. 
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helard!7) seule une philosophie dispersée des sciences peut rendre 

transformation historique du savoir scientifique, et c'est a partir 
de masse qu'il illustre cette idée. I affirme que i'on peut dis- 

stades dans la transformation de cette notion correspondant a 

rants philosophiques, c'est-a-dire: le réalisme naff, le réalisme- 


rationalisme, le rationalisme dialectique et le rationalisme complet. 


ade, la masse est congue intuitivement comme une “appréciation 


comme gourmande de la réalité" ; au deuxiéme stade, la masse est 


iquement er l'opération de la balance et alors: “Peser c'est penser. 


peser“ - Ce n’est qu'au troisiaéme stade que la notion prendra 
l'on peut parler ainsi, et sera rationnellement congue comme 

s de notions et non plus seulement comme un élément primitif d'une 
médiate et directe." (10) | et définie comme le rapport de deux 

S, la force et l'accélération. Cette belle assurance rationaliste 
u moment de la complexification de la notion de masse qui devient 
vitesse de l'objet en plus d'étre transformable en énergie. Enfin, 
re et a la logique théorique et aux exigences empiriques,il a été 
accepter |'idée d‘une masse négative. 


iption de ces stades ne nous informe cependant pas quant au méca- 
able de cette transformation, et c'est pourquoi Bachelard a mis au 
ept de rupture épistémologique. Par exemple, le passage de la masse 
mass@ relative suppose |'abandon de certaines prémisses épistémolo- 
elles d‘espace et de temps absolu, et d‘en accepter d'autres dont 
itesse limite. I1 y 4 donc une rupture qui rend ces notions incom- 
ce qui ne signifie pas pour autant que celles-ci ne soient pas 
ertains domaines spécifiques. D'une fagon similaire, la théorie 
permet de définir en science la notion de chaleur exige 

2 de conSidérer 1a chaleur comme une substance pour adopter le 


énergérique, beaucoup plus abstrait, puisque la chaleur est alors concur 


le cinétique moyenne des atomes ou molécules:telle que donnée par 
= Fav? Or, il s'agit d'une véritable rupture dans la mesure of 
aire de nier jes impressions sensorielles a-partir desquelles, tout 
on construit une certaine représentation de la chaleur, sans 

tre part, 1°élimination de la notion de froid, qui n‘a-aucun sens 
xte des théories scientifiques. De méme, l'enfant doit nier les 
ansorielles premiares, qui je conduisent logiquement a croire au 
et & nier qu'un objet puisse se déplacer 
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sans I'action d‘une force, pour accéder 4 Ja compréhension du pr 
C'est dans ce sens qu'il faut saisir le mot de Bachelard lorsqu’ 


“en fait, on connatt contre une connaissance antérieure, et 
des connaissances mak faites, en surmontant ce qui, dans L 
meme, fait obstacke a La spirituabisation." (11), 


d'ot la notion d'obstacle épistémologique qui mériterait a elle 
commentaire. Je rappelle seulement que ces transformations de } 
intrins@que a l'apprentissage des éléves sont I'équivalent d‘une 
relle. Le rdle du pédagogue doit alors S'articuler aux exigence 
formations et on conprendra qu'il est alors nettement insuffisan 
version officielle des sciences, méme Si la présentation est Jos 


Le point, la droite 


Les notions de I'épistémologie bachelardienne nous ont aidé 
en quoi les représentations spontanées des é6]aves constituent de 
leur apprentissage des sciences. En effet, elles nous révélent © 
transformation de ces connaissances exige ja remise en question 
ment implicites qui forment la structure de base de la vision du 
laquelle les élaves réglent, avec un certain bonheur, leurs inte 
vers matériel. I] est d&s lors illusoire de‘penser que ces char 
s'opéreront au cours de quelques lecons bien faites. L'apprenti 
matiques pose-t-il des problémes similaires? 


Je ne me risquerais pas a affirmer que J'on retrouve exacte 
problémes ‘au niveau de cet apprentissage, compte tenu de Ja préc 
ture mathématique et ce,tant au plan des notions elles-mémes qué 
épistémologique. Cependant, il me semble qu'un certain nombre ¢ 
géométrie euclédienne (la seule que je connaisse) présente des 
similaires a celles que j'ai évoquées ci-avant, au plan de leur 
des élaves. 


Pour ces derniers, comme pour la plupart des gens, i] n'y % 
de distinction entre la ligne et la droite, Celles-ci correspor 
physique observable quismanifestement.a une longueur et une épa' 
quant a lui, s‘'i} est minuscule, n'est quand mame pas infiniment 
1a devai.t ‘leurs yeux et bien visible. Et ij est tout a fait co 
eux, un point qui se déplace dans l'espace engendre une ligne: 
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ace. Mais on sait que les définitions mathématiques du pdint et de 
ee pas 4 ces représentations sensuelles. 11 est fort 
r les Glaves de s'en détacher et de concevoir un Point sans dimension, 


4 l'intersection de deux segments de droites qui n'ont qu'une lon- 1. 


d‘épaisseur. Or, Ja compréhension des concepts de la géométrie ey- 
essite un détachement par rapport & ces représentations concrates 
r a J'univers abstrait des constructions géométriques. 11 s‘agit 1a 


Saut qualitatif sans lequel on imagine mal comment les individus accé- 2+ 


inivers "étranges" des géométries 3 n dimensions of Ja référence au 
titue un véritable obstacle épistémologique. 


jt-i1 pas ainsi une kyrielle d'obstacles épistémologiques a identi- 

"t avec de nombreux concepts mathématiques au sujet desquels les 

istruit spontanément des représentations? Je pense,par exemple, aux 

ints: \'infini, le hasard, la relation et,pourquoi pas, le nombre? 

ir des Obstacles 4 l'apprentissage est une chose, créer les Stratdégies 
jour Jes surmonter en est une autre, . 4. 


$ pas certain que mes propos aient oté parfaitement clairs, ni 

tout a fait pertinents par rapport aux problémes rencontrés dans 5. 
e des mathématiques. Intuitivement, je pense que tes Concepts de 

e bachelardienne ont un certain a-propos eu 6gard 4 vos préoccupa- 
ticiens des mathématiques. 
profondir ces questions. 


eth & Alpyouilih 


La discussion qui suivra permettra, je § 
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SEX DIFFERENCES IN THE MATHEMATICS ACIMEVE 
OF EIGHTH GRADERS IN ONTARIO 
Gila Hanna 
The Ontario lnstitute for Studies tn Education 


In the pust two decudes researchers have shown considerable interest int! 
between the sex and the mathematics achievement of children in the upper grad 
schools. Some have examined sex differences by comparing total test scores (Bac 
& Stanley, 1980, 1983; Maccoby & Jacklin, 1974), while others have focused ont 
students who answered a particular item correctly (Armstrong, 1980; Fennema, 
Wahlstrom & McLean, 1984). In a recent study by S.P. Marshall (1983) the anal 
comparison of the kinds of errors made by male and female students 


Some of the studies done to date purport to have established that ti age 15 
difference in mathematical ability between the sexes, and chat tt ts expevially pr 
high-scoring exceptionally gifted students, with boys outnumbering girls 13 to | 
1983), while others have argued the opposite: that very little difference evista, if 
difference is detected it favours boys only slightly (Fennema & Carpente: 1981) 
International Review on Gender and Mathematics (Schildkamp-Kiindiger. 1982 
research carried out in nine countries, gender-related differences in achievemen 
vary considerubly both within and among countries. 


The purpose of this study is to assess the scope of sex-related differences ir 
achievement of Ontario Grade 8 students, makiny use of the pool of data collecte 
International Mathematics Study (SIMS). 


Test Instruments and Data 
For the SIMS study, a random sample of 130 schools wus selected froma te 
schools after each school had been assigned to one of twenty-six strata bused ont 
categories: (a) school size, (b) type of school (private, French. English Catholic, : 
tural or urban, and (d) geographical region of the province. (In Ontario, virtuall 
olds are enrolled in either a private or a public school.) 


The present analysis does not use data for private schools (which are atter 
Grade 8 students). Since previous analyses (McLean, Raphael & Wahlstrom, 19 
students in private schools had much higher rates of success, and since there we 
boys as girls in the private-school stratum, it was decided to delete these data fre 
sample retained for this study consisted of all the Grade 8 students not attendin, 
whom data were available for both the pretest and the posttest: 3523 in total, £7’ 
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Sex differences 


r Grade 8, udministered In five forms: 4 Core form of 40 
r technical reasons six Items were not part ofthe 
Ics: Arithmetic (68 items), Algebra (31 
und Measurement (26 Items). 


had developed 180 Items fo 
Rotated forms of 36 Items each; fo 
‘ha 174 Ontarlo Items covered five broad top 
ry (42 Items), Probability and Statistics (17 items), 


snts ware administered both a protest and a posttest. Each student responded to the — 
to one of the Rotated forms A, B, C, or D on each occusion. Each student was given the 
nm at both the pretest and the posttest, but not necassur 
were udministered randomly on both eccasions, euch fort 
‘of this mathod, there are variations in number of respondents among the four Rotated 

s between tha two occasions for the same Rotated form. In additlon, the Core form yields 
8.8 Many respondents us 4 Rotated form. 


ily tha sama Rotuted form; the 
n toone quarter of the class. As 


ision of results. since it hus about four time 
arizes the pattern of responses to each of thase test forms. 


Table 1 
Number of Raspondents by Sex und Test Form 


ann tig 
Posttest 


Pretast 
. 

Boys Girls Boys Girls 

456 417 459 417 

427 470 465 : 444 

447 426 433 437 

444 437 416 452 

ota!) 1773 1760 (773 1750 


Sa 
1umber of respondents 3523. 


ma were flva-ulternative multiple chaice (one corract response and four distractor). 


se to each itam was coded Into one of three categories: correct, wrong, or item omitted. 
wrong and omitted) were calculated separately for boys 


a, three percent Values (correct, 
ple,is . 


with the studant as the unit of analysis. (The percent correct ofan item, for exam 
ga of students who answered that item correctly.) Three mean percent vulues were then 


each topic by averaging the percent values for the individual items in that topic; these ure 


alo 2. 
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Table 2 
Mean Percent Values (and Standard Deviations) per Category of R 
by Sex and by Topic 
a 
Pretest 
Correct Wrong Omit Correc 
Arithmatic Boys: 49.6 48.0 2.5 54:.! 
(58 items) (18.1) = (17.0) (2.7) (16.€ 
Girls: 48.2 48.2 3.5 54. 
(20.0) (18.4) (3.9) (Ie 
Algebra Boys: 34.6 59.1 6.2 44, 
(31 itams) (15.9) (16.4) (3.6) (15.7 
* Girls: 33.5 57.8 8.5 44. 
(17.2) (17.7) (4.7) (‘TAs 
Geometry Boys: 36.4 56.9 6.7 46.1 
(42 ite ms) (17.6) (15.1) (5.1) (17.8 
Girls: 33.4 57.6 8.9 42. 
; (17.2) (14,5) (6.5) (18.: 
Probability & Boys: 53.5 43.7 2.8 57. 
Statistics (19.6) = (18.7) (1.9) (18.8 
(17 items) Girls: 52.9 42.9 4.2 56.’ 
(22.2) = (20.1) (3.0) (18.8 
Measurement Boys: 45.9 51.1 3.1 53.: 
(26 itams) (21.8) (20.6) (2.6) : (19." 
Girls: 42.6 53.1 4.3 50. 
(22.8) (21.2) (3.4) (21.1 


Note. Due to rounding error the figures for Correct, Wrong und Omit may not adc 


Rasults 


For euch topic the diffarance batwean boys and girls inthe maan percent of 
omitted responses Was analysed using the paired t-test with the item as the unit 
addition, u Wilcoxon matched-pairs tast was parformed to obtain the z-statlatic a 
probabllity as well us information on tha number of items with positive or negati 


between boys and girls. 
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in Correct Responses 
nin Table 3 no atatisticully sigalficunt differonces were found between boys and girls on 


n for three of the tnpics (Arithmatic, Algebra, und Probubility und Stutistics). In 
!in Meusurement, howover, more boys gave correct responses on both uccusiuns: In both 
areas the difference of ubout 3 percent is statisticully significant ut the 01 level. 


retest as a whole, boys were more successful on [00 items and girls on G0; boys and pirls 
tin Geometry and In Measurement, boys did better than girls on more than twice us 
This puttorn of results was very much the sume for the posttest. ' 


Table 3 
Differences Between Boys and Girls in Mean Percent Values 
by Topic 
Pretest Posttest 
df Correct Wrong Omit ‘ Correct Wrong Omit 
57 13 0.2 1.0" 0.7 0.4 “Ld 
30 Ll 13 -2.3° 0.5 ee 
41 3.0° 0.7 -2.2° 24° 0.6 = -1.7’ 
: 
16 0.6 0.8 “1.4 0.9 0.2 -1.0 
t 25 33" 2.0 0 -L.2" 32° 1B 2" 


ou 


tive difference represents @ higher mean percent for boys; a negative difference, 
in for girls. 


‘in Wrong Responses 
were no statistically significant differences between boya and girls at the .01 level on any 


the two sexes gave wrong responses with similar frequency. 


pretest as a whole more boys gave wrong tesponses on 84 items while more girls did so on 
ns the percent of wrong response was the same for both sexes. In Arithmetic, Geometry 

s boys and girls gave wrong responses on approximately the same number ofitems. {n 
yaver, the rate of wrongresponses w3s higher for boys on 20 items, while for girls it was 

; this pattern was reversed in Measurement, with the girls giving more wrong responses 
and the boys on 9. The posttest results were very similar to those of the pretest in terms of 
jon of wrong responses. , 
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Differences in Omitted Rospanses 

4s shown in Tublo 3, the differences botween the sexes wore nogatlve, Indl 
porcent of omitted responses fur girls wus greater than that for boys on all the su 
pretest and the posttest. Furtharinore, the t-test pulrod comparlsons shuwed tha 
between boys and girls were statisticully significant at the Ol level, 


In both the protest and the posttest moro girls than boys omitted responses 
was higher for the boys anly on 17 items (10% of the test), while it was higher for. 
(70% of the tost). The Wilcoxon unulysos yielded z-statistics significant utthe UL 
topics, Indicuting that this trend wus consistent from topic ta topic. 


A detailed examinution of the oinitted responses revauled that the percenta 
omitting items on the pretost runged fram 0 to 28 for girts and from 0 to 23 for boy 
4.5 and 3.0, respectively. Although there was a decrease in these values for bath t 
posttest (that Is, fewer students omitted items), the gap between the sexes was me 
a the range Was 0 to 21 with a mediun of 3.0 for girls, while it was 0to 17 wi 

joys, 


Differences in Gains 

The gains are based on the difference between the mean percent of correct 
topic on the posttest and on the pretest, for each group taken separately, and cou 
taken to represent the growth in mathematics achievement for the group. The re 
4 would indicate that on average boys and girls improve at the same rate during 
no statistically significant differences (at the .01 level) between the two groups ii 
in mean percent of correct responses by topic. 


Girls showed greater gains on 93 items and boys on 63; giris and boys tled « 
in Measurement giris had greater gains on approximately the same number of It 
Arithmetic, Algebra and Georaetry, taken together, girls had greater gains than 
many items. : 


Table 4 
Gains in Mean Percent Values by Sex and Topic 


Buys Giris 

Arithmetic 5.4 6.0 

Algebra 9.5 | 

Geometry 8.6 91 
Probability & 

Statistics 4.1 3.8 

Measurement 1.5 7.8 


Notg. Differences between boys and girls not significant at the .02 level. 
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Discussiow 


s of this study may be summarized as foliows: 


percent of correct responses in two of the ive topics (Geometry and 
ent) was slightly higher for boys than for girls. These differences. though not 
e statistically significunt at the .O1 level. 


e differences between boys and girls in omitted responses. All the t-tests were 
putthe .Ov level Girls had much higher omission rates on ull topics. On average 
on ratio of boys to girls was 2:3. 


ion of the guins indicated that instruciits in Grade 8 hud about the same 
in girls as on boys. 


a findings assume educational siynificance wen one bears in mind thut the boys and 
the same randomly selected schoo?: in a::prosdztately equal proportions and thus can 
atched on socio-economic level, on ar-91:2t of tur mal training in mathematics, and on 
ng (ignoring possible differential treatms‘ni-a the two sexes wn the purt of teachers). 
hus be generalized to students attending public schools in Ontario. und any sex 

1 must be attributed to factors other than socio-economic level, formal training, or 
ng. 


vable that the boys had had @ certain amount of informal training through out-of-class 
‘mally pursued by girls (following instructions for building models, reading charts and 
ike). Different informal training in mathematics could explain the differences in 
Jeometry and in Measurement in particular. 


to McLean, Raphael and Wahlstrom (1983), Ontario teachers reported that only about 
etry items had been taught at all, either before or during Grade 8. This would lend 
the idea that out-of-class activities contributed to the disparities inachievement 

es. On the other hand, the other topic which showed differences between the sexes, 

yas among four topics in which most teachers reported covering about SO% of the 

18 on the basis of the information available it is not possible to determine with any 

her out-of-class activities had an effect on the differences between the sexes in 
asurement, 


xe5 sometimes cited for sex differences in mathemstical achievement, suchas the 
mathematics ass male domain (Becker, 1982) or the presumed social conditioning and 
ations for boys and girls (Fennema, 1978), might explain why more girls omitted 

lid boys. Oa the basis ef the Grade 8 SIMS data no attempt could be made to determine 
of these factors, or indeed of infwzznal training. 
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ith differences between the sexes of 10 percentage 
or more - - 

em A Girls > Boys 

em B to 0 Boys 7 Girls 


em D - difference between sexes largest 20% 
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A. 5 + 7 1s equel to 


a 


p The spead of sound is 160 w/a. 
le How long will ic cake before 


of a 
2b 
10 A 
2 
12 5 
10 
2 
& c 
35 
u D 
35 
°E 


the sound of a car horn reaches 


your ears if che cat ty 214 m auay? 


A 


O.%s 


pray 


ars 


210 a 


Hone of chese 


F Ta @ School election with three 
« candidates, Joe received 120 


votes. 


Mary received 50 votes, 


and George received 30 votes. 
Yhet percent of tha total 
mover Of votes did Joe recaiva? 


A 


120% 
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Which of the following 
je 1s equal to # quarter 


alllion? 
25 250 


60 000 
a 
% 000 000 
250 000 


2 300 000 


Figure 8 


80% 


There are 35 students ina 
* Lot them come to school b 
another ¢ come by bicycle. 
many come to school by oth 


a T. 
B oak 
c a 
dD «28 
x 35 


E 20 ta vhet percent of 
eo 


None of these 


One bell rings avery & 
ecinutes, 3 seccrc bell 
ringd every 12 mip czes, 


They tots ring at 


2 o'ctacn. Afeer how 
meay ainutas viil trey 
next cling sogether? 


3 


8 


12 


4) 


a4 


ture et | 
puntaia 
» of- the: 
epereture 

euch wermer 

ne foot of 
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The Cigure sbove shovs a 
wooden cube with one corner 
cut off acd sheded. Which of 
the folloving drevings shovs 
how thie cube would look when 


viewed from directly above ic? 


> 


t, a boy 

sts @ 

long. At 

L nearby : 8 
&$ untts 

yadow the 

1, in the 
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A helf-tura (260) about ” 
potot O is epplied to 

the figure ebove. Which 
of the figures below $s 
the result? 


mee 


Dintance in Kilome cx 


tow much longer doeg. Jc take 
for car B to go SO km chan ic 
does for car A to go SO kilonettes? 


A th U5 ain 


B th Wain 


D0 2h 20 ain 


—E 2h 35S ain 


“Wnee lg the capacity of 


H. a cub{> container 10 cm 
‘". by £9 cm by 20 cr? 
iy 
1 a tL 
1 
1 


b fo L 

c OOo L 

0 1000 L 
E 1000 ca 


t 2 Fy . 
Tice In Sours 
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How many pleces o| 
«each 20 m long, w 
required co conse: 
pipeline one kilos 


lengeh? 
A 5 
B 50 
c $00 
D $000 
E $0,000 


M238 § 
Centimecres 


According co the scele s 
the length of eide BC of 
rectangle ABCD (co the 
NEAREST CENTIMETRE) is 


A 3 ca 
8 6 cm 
C 7 ca 
O & ce 
E 9 ce 
Figure 10 
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ger 
* Windsor 


PERCEPTIONS OF PRE-SERVICE STUDENT TEACHERS 
ON MATHEMATICAL. ACHIEVEMENT AND ON TEACHING 


MATHEMATICS. RESULTS OF A PILOT STUDY 


ce of teachers’ expectations in the learning process 
, has been well recognized, since Rosenthal and 
iblighed their took ’Pygmalion in the Classroom’ in 
itteampts have been made to trace the channels by which 
mMpactations and students’ achievement are linked 
in particular, this Question has become of interest in 
‘acusing on sex-related differences in students’ 
. achiavement and course-taking behavior. 


@ far a momant a teacher: has the following attitudes 
+ as able as boys when it comes to mathematics and, 

1 their future profession they are not going to need 
as boys do. According to this attitude the teacher 
mMpact the girls in his/her class to do very wall 
,CBe © . 

several possible ways in which this teacher’s 

s might be communicated to the students. The teacher 
y display them when commenting on the poor work of a 
he/she might consciously or unconsciously use more 
lysje.g., praising a girl very much for_ correctly 
1 @asy question, asking mostly boys to solve really 
‘oblems ,and attributing good mathematical achievement 
@ lat cf affort and by boys to ability. 


is) not only a subject that more or less often gets 
, teachers, parents and students themselves but it is 
rject that many people perceive as very difficult to 
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Let us assume for a moment a primary teacher who suc 
Passing high school math fairly wall. The teacher 
famale because most primary teachers ara female. 
high school she did not take any math courses at th 
leveal.It was mot until she entered the pre-~ser 
training program that she had to deal with mathem 
According to her personal experiences with mathemati 
that it is a difficult subject to Jearn and that s 
good grades because she worked very hard at it. Her 
in relation to mathematics is low and she might even 
that somehow men are the better mathematicians 
appeared to her during high school that those studen 
to have the least difficulty with mathematics and 
the most self-confidant in doing it were boyse Alth 
not necessarily get the best grades, the boys did 
need a lot of effort to grasp the main concepts. 


During her time in preservice teacher training our 

teacher pays particular attention to learn how to 

mathematics,for, as she sees it, this is the moa 
subject she is going to taach. She likes to coll 
teaching ideas as possible. The more ready made t 
better. She wants to be prepared for all possible s 
she is going to use her entire stock when teaching 
very hesitant about trying new things, in future y 
not give her students much scopa to bring math ap 
encounter outside school into the classroom. Ther 
faar that she might not be able to solve unfamiliar 


Of course the learning history of our teacher could 


' differant. Let us assume for a moment that she is 


teacher. She is ona of the few female high school 

have mathematics as a teachable subject. For her, 
was always an enjoyable adventure. She is proud of 
in this subject and found it easy to teach rig 
beginning of her career as a teacher. 


Her self-confidence in hear’ math ability being well ae 
she is not afraid of challenging Questions from her 
the contrary she appreciates them as they demonstr 
students are interested in math. She often uses the 
as starting points for math investigations, of whic 
does not know the results in advance. 
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examples are hypothetical. In fact very little is 

‘ut thea mathematical learning history of teachers 
ith at differant gradq levels, about the relationship cf 
wy to their perceptions an teaching mathematics, and 
ir actual teaching. Moreover, the sama is true for 
antering a preservice program, that is for teachers to 
suams to be ruasonable to assume that the learning 
rangly influences certain aspects of teaching and that 
+1 investigating these variables. 

5 a pilot study was carried out at the University of 


The study focused ~ among other things — on answering 
ing questions: 
the personal learning history in mathematics of pre- 


idant teachers? 
ant are they in teaching mathematics? 


ans do they give when tha students they taught during 
gaching did not make much progress in mathematics? 


wers to the above stated questions depend on the sex of 
nt teacher and/or on the division he/she has chosen toa 


Procadure 


er training program of the University of Windsor is a 
program and includes three divisions, these are the 
nior (K - 6), the junior/intermediate (4 - 9) and the 


te/senior (7 ~ 13) division. Students enrolled in tha 
nior program have to take the math aducation course 
or their division, while for students in the other 


math a@ducation ig an optional cow'’sa -Students enrolled 

the junior/intarmadiate or the intermediate/senior 
are grouped together for the analysis of thw results 
a as jJun/int/senior division. : 
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Ralavant information was gathered via a questionna: 
The variable “learning history in mathem: 
operationalized as follows: students were asked to a 
mathematical achievement during their schooldays and 
reasons to their achievement. The questionnaire ugai 
the latter variable was deavaloped by the author in | 
another research study (s. Schildkamp-Kuendiger 1980 


Moreover, the student teachers were asked to cor 
achievement in mathematics and their confidance in 
with that in other subjects. They were also asked tx 
related students’achievament differences they hat 
schools. Ta evaluate the reasons the student teacher 
the pupils they taught not makind satisfacory 
mathematics, a questionnaire developed for the Secon 
International Mathematics Study was used. 


The questionnaire was answered by. students « 
educational classes after they had been out for the 
four practice teaching seasions. Students answered of 
and anonymous basis. 

Chi Square Tests were used’ to compare the responses 
groups of students; e.g. male and female stude 
enrolled in the primary/junior division. 

In the graphs showing the rasults, arithmetic mean: 
characterise the distributions. 


Results 


Overall 111 student teachers, enrolled in the ar 
division, answered the questionnaire; 94 female and 
teachers. 

The corresponding numbers for the jun/int/senior di: 
overall 61 student teachers; 36 famale and 25 male te 
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will be discussed for primary/junior student teachers 
formation about their learning history in mathematics is 
in graph 1. As a group primary/junior teachers remembor 
th achievement during their schooldays as average and 
unt for it by a lot of reasons. The internal 
tated ares math ability and learning effort; relevant 
raagons are s math is difficult, good or poor teacher’s 
an and halp by others. 
nt sex-differancas (p< 0.05 ) within the group are 
one variable only, that is Lack of help of others. This 
is not considered as vary relevant in general, but 
udant teachers Judge it as even less relevant than male 


unior student taachers remember tneir math achievement 
less .Qgood than their achievement in other school 
( see grahp 2 ). This goes together with their 
n of being comparatively less good in teaching this 


ncouraging that they only sometimes encountered sex- 

chievameant differences in their pupils during practice 
Moreover, the questionnaire reveals that, if sex- 

differences had been observed, they did not show 

dicular subject like mathematics. 

d female primary/junior teachers do not differ 

ntly as to the variables considered in graph 2. 


displays the reasons teachers perceive as relevant when 
ls they taught during practice teaching did not make 
ary progress in mathematics. Primary/junior student 
mantion two raasons the most: lack of ability of the 
d lack of motivation. Lack of student ability is a 
reason for the teachers this is not his/her 
Llity. Motivating to learn on the other hand is 
that falls in the duty of a teacher. 
female teachers differ significantly in their evaluation 
ta’ misbehavior and lack of motivations female teachers 
S@ reasons as more important as their male colleagues. 


there are very few significant sex-related differences 
ale, and female primary/junior student teachers. This is 
Partly due@ to the fact that there are very few male 
in this sample. It seems as if teaching in the 
unior grades will stay mainly a female affair. Whether 
le and famale primary/junior student teachers can really 
d upon au having the same charcteristics as to the 
considered here has tobe answered by subsequent 
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GRAPH 1 


MATH ACHIEVEMENT DURING SCHOOLDAYS | 


ABOVE 
AVERA 


CAUSAL ATTRIBUTION OF STUDENT TEACHE 


MATHEMATICAL ACHIEVEMENT 


OWN MATH ABILITY 
LACK OF MATH ABILITY 
BIG LEARNING EFFORT 


LACK QF EFFORT 

GOOD LUCK 

BSG Lv. 

MATIZ) 17 ZaSY 

MATH 3% AXFFICULT 

GOOD TEACHER’S 
EXPLANATION 

POOR TEACHER’S 


EXPLANATION 
HELP BY OTHERS 


LACK OF HELP 


FPPLICABLE NO’ 


O PRIMARY/JUNIOR STUDENT TEACHERS, N = 111 

* JUN/INT/SENIOR STUDENT TEACHERS, N= 61 
INDICATES SIGNIFICANT DIFFERENCES BETWEEN THESE TW 
( p < 0.08, CHI SQUARE TEST ). 
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IEVEMENT IN MATHEMATICS | xo | + 
BETTER LESS GooD 


THAN IN OTHER SUBJECTS 


| TEACH MATHEMATICS | x o | + 


BETTER LESS GOOD 
THAN OTHER SUBJECTS 


ALG AND MALE STUDENTS 


ALRAYS NEVER 


JUNIOR STUDENT TEACHERS, N = 111 
SENIOR STUDENT TEAL (ERS, N= 41 


3 SIGNIFICANT DIFFERENCES BETWEEN THESE TwO GROUPS 
5, CHI SQUARE TEST ). 
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GRAPH 3S 


REASONS THAT STUDENT TEACHERS GIVE FOR PUPIL 


MAKING SATISFACTORY PROGRESS IN MATHEMATIC 


STUDENT’S LACK OF ABILITY 
STUDENT’S MISBEHAVIOR 
STUDENT’S LACK OF 
MOTIVATION 
DEBILITATING FEAR OF MATH 
STUDENT’S ABSENTEEISM 


INSUFFICIENT TIME FOR MATH 


INSUFFICIENT PROFICIENCY ’ 
ON MY PART 
LIMITED RESOURCES 


TOO MANY STUDENTS 


VERY 
IMPORT. 


O PRIMARY/JUNIOR STUDENT TEACHERS, N = 111 
N= 61 
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) history of jun/int/senior student teachers is quite 
from that of the primary/junior group (s. graph 1). 
for student teachars ramamber their achievement during 
as above averaga. It is significantly higher than that 
ary/junior group. Moreover, the jun/int/senior group 
" reasons for this achievement. Lack of ability, good 
suck, difficulty of math and poor teacher explanation 
1 to significantly less as causes of achievement. At 
-h is perceived as easier. 


‘sanior group remambers 1s math achievement as  abaut 

in other subjects and judges its ability in relation 

ject as average. For both variabies the differences 

+ jun/int/senior teachers and the primary?’ junior 

! significant. , 

do not differ as to the extent achievement differences 
$s and girls had been observed during practice teaching. 


ims to indicate differances in the attribution pattern 
in/int/senior student teachers end primary/ junior 
achers in the direction that the Jjun/int/sanior 
ed 6 6f@wer reasons te account for students not making 
f progress in mathematics. Only for the reason 
it time for math’ are the differences significant oan 
» but there is a trend ( p <¢ 0.07 ) for the reasons: 
ack af motivation, limited rasources, and toa many 
» two groups of student teachers seam to differ in 
cts considered in this rese@ach. 


differences between male and female = primary/junior 
achers ware rare}3 this is not the case for the 
or group. Although the whole group remembers its math 
during schooldays as above averaga, this is even more 
he female teachers (p< 0.0L »). Moreover. female 
valuate thair math ability and goot 4¥ cher s? 
} as more relevant a reason for their ach; everant than 
achers (¢ p< 0.05) 3 wher@ax lack of affort is 
| less a reason by female teachers (p < 0.05 ). 
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Finally there is another rather unexpected significant 
between male and female jun/int/senior student teachers 


comes to.:!xplaining why their pupils did not make sa 
progress female teachers more often perceive in 
proficiency on their part to be the reason. This is. 


astonishing as 
mathematics, they 
male teachers. 


saccording to their learning hi 
should be uwven more self“~confident 


Summary 


ee ee 


The results of this pilot study reveal considerable d 
Gatween student teachers in the primary/junior division 
in the junitor/intermediate/senior division. Student t 
the latter division have a much more positive learning | 
mathematics than the primary/junior group. 

Of course, it can be argued that the group of Jjun/ 
student teachers considered here would not have taken 
course, if they had not felt rather confident in this 
as they had a choice the primary/Jjunior student teache 
have. The situation becomes more delicate , if this 
history is looked upon as having important impact on t 
of teaching. Afterall all these student teachers will ti 
get, a teaching postion after finishing the program. A 
the primary/junier student teachers will start teaching 
Jess confidence in their ability to teach this subject 
teach other subjects. 

It can be expected that —- in doing the job — they will 
confident in teaching mathematics. But the hypothesi 
easily be turned down that they might gain this confi. 
following ai rather rigid teaching method that mini: 
challenge of unexpected questions and problems. 

Up to now the results of this pilot study indicate: - a 
a trend - that the primary/junior student teachers nie 
upon mora reasons than the other group to explain | 
pupils fail to learn mathematics. Further information a 
student teachers think to be important to make math tea 
effective is available and will be analysed in the near 
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rd to sex-differences tha results indicate some 
) differences for jun/int/senior students. It seems as 

student teachers only chaose to teach mathematics if 
very confident about their ‘competence in the subject. 
cogather with a readiness to axplain failures in their 
2arning more often by personal insufficient proficiency 
wir male colleagues. The question remains open what 
s’cga these future female teachers are going to deliver 
anule students. 


But ax-related achievement differences at school have 
3d that girls tend to have lower self-esteem in 
to 4tra@ir math ability, even when they have the samra 
k as boys. It is worth investigating if there is a 
st the teacher level in so far as the perception of 
Baching proficiency comes into Play. 


R., Jacobson, L.3 Pygmalion in the classroom. New York . 


—~Kuendiger, %.1 Learnig the concept of a function. Ins 
anhold at al. (ads.): Cognitive Development in science 
atics. Leads 1980, p. 181-190. 
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Roberts Murs 


Université Laval 


Méconismes d'actuglisation de la sous-représentation des femmes en mathém 
présentotion d'un orojet en cours 


Un sondage réalisé :\ 198i our l’étot de la recherche concernant les différen 
sexe en mathématique au Ceneda, avait indiqué qu’d peu prés dans tout le pays, ta 
des filles aux cours de mathématique commence  décliner vers le fin du secc 
qu’sucune recherche n'avait été effectuée pour tenter d’expliquer ce phénomane (M 

Cette constatation m'a incitée & concevoir une premiére étude exploratoire 
Comme i] ma semblatt tmportant d’étudier le phénoméns dans sa globalité, J’ 
collaboration de collégues avec des compétences en sociologie et en psychologic; F 
et Meredith Kimball, ont sccepté do se joindre & moi et notre projet a obtenu uns 
Conseil de recherches ¢n sciences humaines du Cando. 

Au Québec, dans le secteur francophone, le phénoméno de la sous-représentati 
en mathématique s'amorce au passage du secondaire au oun (Cegep) -- c’es 

11éme 4 la 12éme année. D'aprés les stetistiques fournies por le Ministére de 
Québec, en Séme secondaire (derniére année de l'école secondaire), meme 3i 
mathémaliquo ne sont pss abligatoires, depuis plusieurs années, les filles représ 
de la clientéle de ces cours. Au collégial par contre, &l'automne 1984, elles n’e 
plus que 42%. Toujours d'aprés la Ministers do l'Education, 1a réussite des filles 


comme au Cegep, est aussi bonne que celle des gergons, sinon meilleure. 
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put en étant conscientes que les racines des choix que les éléves font en entrant au Cegep 
t ramonter loin dans le passé, nous avons décidé d’aborder le probléme en étudiant ce 
U moment da ss formulation, c’est-d-dire vars la fin de le cinquiéma ennée du secondairo. 
promiére phase de la cusillatte de données acu liau de février & mai 1963 dans trois de 
ses de mathématique de cinquiéme secondaire. Pendant cette période les éléves faisaient, 
chéant, leur damande d'admission au Cegap. Las mémes éléves ont ansuite été contacté /e/s 
au UN aN plus tard. 

9 savions que te phénoméne de la différenciation des choix scolaires selon le sexe éteit 
nplexe at nous avons choisi d’en brosser un tableau global, plutét que d'en étudier plus 
i) quelques aspects soulamont, Dans cette perspective, nous avons opts pour l'emploi 
nb d'une voriété de méthodes de cusillatte des données: questionnaires aux éléves, 
tions en clases, entravuss avec las élaves at avec leurs ansaignant/a/s de mathématiqua. 
$ avons retenu un grand nombre de variables, Parmi les principales, on retrouve les 
3 , 
occupation at la scolarité des parents, 

cart entre l'image de sof et l'image d'une pursonne de sciance, 

valour intrinséque at la valour utiliteire attribuées 41a mathématique, 

attitude onvars la succés an mathématiqua at en frangais, 

conflance an s¢9 capacités an mathémetique, 

S Causes auxquelles las éléves attribuent leurs succes et Echecs en mathématique et en 
ancais, 

s prévisions da réussite an mathématique, 


s aspirations scoleires et professionnelles, 
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- la présence da modélesde roles scientifiques dans le milieu de l’éléve, 

- Iss cours suivis et las notes obtanues, 

~ les motivations du choix scolaire telles quexprimées par les éléves, 

~ l'attitude du milfou de 1éléve envers son choix scolaire, 

- les interactions entre les éléves et leur enseignant/e de mathématique, 

- la perception que l’enseignant/a a du potential de ses éléves en mathimatiqu 

intérét pour cette matiéra et de leur niveau de confiance, 

~ les prévisions de l'enseignant/a 4 l'égard de la réussite de ses éléves, 

~ les causes auxquelles les enseignant/e/s attribuent les succés et les échecs d 

Dans la choix de ces variebles, nous nous sommes an pert inspiréas du modal 
Eccles (1985) ~- modéla qui étoit déja disponible avant la début de notre projat. 

Toutes les variables ont été anslysées en forctton du sexe et du chotx scolatra 
choix scolaire a été d5fini 8 partir de la demands d’admission au Cegep faite par 
printemps 1984; nous avons ainsi: dlstingus les éléves qui ont choisi u 
scientifique da caux ot celles qui ont choisi une autre orientation. Tel quo prév 
groupe comprenait proportionnellement moins de fillas que de garcons. Catte défi 
scolaire ale désavantage d'élargir le champs détude dela mathématique aux scier 
nous 8 semblé plus fioble qu'une définition basée sur les intentions de suivre 
mathématiqus cugvimées par les éléves, cer dens lo demande d'admission Véle 
programma auquel il, ou elle, veut s‘inscrire sano préciser les cours perticull 
suivis. 

Je présente ici ssulament quelaues résultats préliminaires & titre d'exemple 


personnes intéressées 4 se procurer la rapport final dle finde 1985. 
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ensemble, nous avons trouvé plus de différences reliées au choix scolaire que de 
3 reliées au sexe. Ainsi, I'écart entre l'image que les éléves ont d'eux-mémes, ou 
Smes, et V'imege qu'ils, ou elles, se font d'une personne de science est plus petit chez 
qui s‘orientent vers les sciences que chez les autres. De méme, le premier groupe 
ine plus grande valeur intrinséqus et utilitaire & la mathématique et posséde plus de 
en ses capacités dans cette matiére. Parmi ces quatre variables, la derniére est la 
a donné Neu & une différence entre filles et garcons, ces derniers manifestent un plus 
ou de confiance. 

iste toutefois quelques exceptions. Par exemple, & propos des causes auxquelles les 
ribuent leurs succes et échecs en mathématiqus, nous avons irouvé des differences 
exe, mais non selon le choix scolaire: les filles attribuent trés mejoriteirement leurs 
leurs efforts, tandis que les garcons sont partagés entre leurs efforts et leur habileté. 
ui est des explications de l’échec, la mejorité des filles comme des garcons fait appel au 
‘effort, meis quelques filies invoquent aussi leur mangus d’habileté ou le difficulté de ta 
69 mémes tendances se sont menifestées & propos des causes par lesquelles les 
it/e/s expliquent les succés et échecs de leurs éléves. Nous N'avons pas trouve de 


s analogue entre filles et garcons dans leur perception des causes de succés et d’échec en 


autre différence importante entre filles et garcons est apparue dans leurs propres 
‘emplof et dans co qu’elles, ou ils, prévolent pour le conjoint, ou laconjointe, lorsque 


les enfants: Garcons et filles s‘accordent mejoritairement pour dire que ce seront ces 


¥ qui assumsront les responsabilités majeures au niveau des taches familiales et 


it leur emploi & Vextérieur au temps partiel ou méms le suspendront complétement. 
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L'influence de ce facteur sur te choix scolaire'est lige & l'image des sciences cor 


* particuligrement exigeant, of il est difficile de poursuivre des études ou une carr 


partiel, ou de les reprendre eprés une interruption. 

Enfin, un dernier exemple de différence entre filles et garcons touche leur com 
classe de mathémotique: nous avons observé que les garcons participaient be 
vocalement que les filles, en répondant & 75% des questions de l'enseignant/e lors 
Neteient pes adressées & un/e éléve en particulier (les gercons constituaient 4 
échantillon). Avant d'avancer des hypothése sur le role de ce facteur dans les choix 
faudrait cependant effectuar des observations pour savoir sice comportement ne se 
aussi dans des classes o V'on aborde des disciplines non scientifiques. 


Rétérences. 


Eccles, J.(1985). Model of students’ mathemetics enrollment decisions. Education 
Mathematics, 16:3, 311-314. 


Mura, R. (1982). Gender and mathemetics in Canada. In E. Schildkamp-Kiindig 


International Review of Gender and Mathematics, (pp. 32-43). ERIC Science, Matt 


Environmentel Education Clearinghouse, The Chio State University, Columbus, Ohio. 


Roberta Mura 

Faculté des sciences de l'éducation 
Université Leval 

Québec, P.Q., GIK 7P4 


17 


. 
PUTT ITI i bth 


‘«) 
ERIC 


167 168 


Alexander, Dave 
l6th Floor, Mowat Block Caran; tends 


Queen's Park 
1325 Bolsbriand 
Toronto, Ont. N7A 1L2 S¢-Bruno-de-Honctarvi lle 


. J3V 4K6 
Baversfeld, Welnrich oo 


Fahrenheitveg 233 Clark, Jolin L. 
D-4800 Bielefeld, W. Germany Toronto Buard of Education 

155 College Se 
Bemmouna, Benyounés Toronto, Onc. MST IPA 
Dép. de didactique 
Faculté des sciences de l'éducation El Douazzaoui, Nabiba 
Université Laval, Québec GIK 7P4 Dép. de didactique 

Faculté des scfences de l'éducation 
Berggren, Tasoula Université Laval, Québec GIK 714 
Mathematics and Statistics 
Simon Fraser Univ., Burnaby, B.C. V5A 186 Erlwanger, Stanley ii, 

. Machematics Dept., Concordia Univ. 

Blake, Rick 7141 Sherbrooke St. West 
Bag Service #45333, Fac. of Educ. Montréal, Qué. H4B 1R6 


Univ. of N. Brunswick, Fredericton, N.B. E3R 6E3 
Flewelling, A. Gary 


Bolsclair, Noelange : Mathematics Consultant 

Collége Hontmorency Wellington County Board of Fu'N 
Dép. de mathématiques 500 Victorfa Rd N., 

475 Boul. de l*Avenir Guelph, Ont. NIE 6K2 


Laval tt7N 519 

Gaulin, Claude 
Bolduc, Yvonne : Faculté des sciences. de 1’ éducacton 
5-2412 Jean-Durand Université Laval, Quéhee GCIK 7P4 


Ste-Foy, Québec GI1V 4Kl 
Gerber, flarvey 


Braconne-Hichoux, Annette Hathematics Dept. 
2396 Jean-Durand @8 Simon Fraser Univ. 

Ste~Foy, Québec GlV 437 Burnaby, B.C. V5A 156 

Buerk, Dorothy Girard, Jcanne-d'Are 

Mathematics Dept Université du Québec A Chicoutiul 

Ithaca College 555, Boul. Université 

Ithaca, N.¥. 14850 U.S.A, Chicoucimt, Québec G7 2B) 

Byers, Victor Hanna, Gila 

Math. DeptyConcordia Univ. Dept. of Mpasucement Evaluation & Comp. Applications 
7141 Sherbrooke Sc. West OISE,252 Bloor St. West 

Honeréal, Qué. 1140 1R6 Toronto, Ont. NSS 1VO 


174 


<) 
ERIC 


169 


Wigginson, Willian 
A306 McArthur Hall 
Queen's Univ, 

Kingaton, Ont. K7L 3N6 


Willel, Joel 
Department of Mathematics 
WB-234 


Concordia University 
7141 Sherbrooke St. W. 
Hontréal, Qué. 4B 1K6 


Nodgson, Bernard R. 


Dépt. de mathématiques, statistique & actuariat 


Université Laval, Québec GIK 7P4— 


Noffman, Martin 
Dept. of mathematics 


Queens College, Flushing, #.¥., U.S.A. 11367 


Jansson, Lars 
Fac. Educ. Univ. Manitoba 
Winnipeg, MB R3T 2n2 


Kastner, Bernice 

Dept. of Mathematics & Statistics 
Simon Fraser University 

Burnaby, B.C. V5A 186 


Kayler, Néléne 
4717 Roslyn 
Hontrésl, Qué. H3W 21.3 


Kieren, Tom 
5208-142 St. 
EdmontonyAlberta T6Il 4B4 


Kirshner, David 
8-2975 Oak St. 
Vancouver, B.C. 


Kuendiger, Erika 


3570 Dandurand 
Windsor, Ont. N9E 2Gl 


r) 
ERIC 


~3 
os | 


170 


Lakramei, Alined 

Nep. de didactique 

Faculté des sciences de J éducation 
Université Laval, Québec GIK 714 


Luvole, Paul 

Collége de Sherbrooke 

475, rue Pare 

Sherbrooke, Québec JI 547 


Lemay, Fernand 
1308, Jean Dequen 
Ste-Foy, Québec GIW 3116 


Lepage, Ernestine 

6e rang ouest 

St-Narcisse 

Rimouski, Québec COK 1S0 


Lunkenbein, Dieter 
1439 Rue NesjJardins 
Sherbrooke, Qué. J1J 163 


Manuel, Peter W. 
Dept. of applied mathematics 
University of Western Ontario 


london, Ont. N6A AB9 


Muller, Eric 

Dept. of mathematics 
Brock University 

St Catharines 


Ont. L2S 3A 


Mura, Roberta 

Dép. de didactique 

Faculté des sciences de 1’ éducation 
Université Laval, Québec GIK 7P4 


Poland, Jolin 

Dept. of mathematics and statistics 
Carleton University 

Ottawa, Ont. KIS 546 


@ 
ERIC 


174 


Pollak, Henry 

Bell Communications Research 
435 South Street 

Morristown, NJ 07960 U.S.A. 


Powell, Arthur 
109 St. Marks Place 
Brooklyn, N.¥., U.S.A. 11217 


Proppe, tal 
Dept. of Mathematics, Concordia Lalversity 


7141 Sherbrooke St. West 
Noncréal, Québec 4B 1k6 


Rhodes, Mary 
Bishops University 
Lennoxville, Québec 


Rogers, Pat 

Math Dept, York University 
4700 Keele Street 

North York Onc. NIJ 1P3 


Rosamond, Fran 
717 Jersey Court 
San Diego, CA. U.S.A. 92109 


Roy, Ghislain 


Département de mathématiques, statistiques et actuariat 


Université Laval, Québec GIK 714° 


Senteni, Alain 
235 Villeneuve Ouest 
Montréal, Québec iI2T 2R8 


Staal, Ralph A. 

Dept. of Pure Mathematics 
University of Waterloo 
Waterloo, Ontario 


176 


142 


Taylor, Peter 

Dept. of mathomithes tad otatisties 
Queen's Uadverstey 

Kingston, Oat. 7h IN6 


Vanbrugghe, Bernard 
Dept. mathematics 
Uaiversicé de Moncton 
Noncton, N.B. EIA 39 


Verhille, Charles 

Curriculum & Inseruction biv, 
University of New Orunswiek 
Fredericton, N.B. 


Vervoortr, G. 
Lakehead University 
Tiuuderbay, Ont. P70 581 


Wheeler, David 

Math dept. Concordia University 
7141 Sherbrooke Sc. West 
Montréal, Québec 4B IRA 


Williams, Edgar &. 

Dept. Mathemacles and Statistics 
Memorial University 

St. Job's, FLD, ALC 587 


